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PREFACE 


The present treatise on **Co-ordinate Geometry"' aims at- 
presenting, within a short compass, the cardinal principles 
of the subject and their more important applications and 
illustrations, so essenfial to a proper understanding of the 
subject. We submit that the special features of the book 
are preference shown to elementary or A priori reasoning 
(whenever possible), exclusion of irrelevant details and 
inclusion of those select topics, which have a direct bearing 
on the University curriculum for a graduate course. In a 
word, every attempt has been made to meet the requirements 
of candidates, who go in for the B.A. and B.Sc. (Pass) 
examinations of Indian Universities. Perhaps there are 
certain features in the book which have some interest for 
a wider class of 'casual readers', who want to pick up a 
working knowledge of the subject in the shortest possible 
time. It is for the educated community to judge bow far 
we have been successful in our enterprise. 

In conclusion we tender our cordial thanks to Messrs. 
U. N. Dhur & Sons, Ltd., for the commendable promptitude 
with which they have undertaken the publication of the 
book. Our thanks are also duo to the authorities and staff of 
Messrs. K. P. Basu Printing Works for the efficient discharge 
of their duties, in spite of their various preoccupations. We 
shall be grateful to any one, who will point out errors or 
misprints or offer suggestions for improvement. 

) 


Calcutta, 
June, 1946 


Haridas Bagohi 
Bholanath Muehebjee 
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CO-OllDINATE GEOMETRY 


CHAPTER I 
INTRODUCTION 

1 * 1 . We shall give at the outset a few important 
algebraical theorems and results, which though not properly 
belonging to the subject matter of Co-ordinate Geometry, 
are of frequent occurrence in the treatment of the subject 
and with which the students are not already familiar. 

1 * 2 . Determinant of the Second Order. 

The symbolic notation 

dx bx i 
02 ' 

is called a determinant of the second cyrder and stands for 
the expression 0162 — Ogfei, which is called its expansion. 
The letters Oi, 02, 61, 62 are called the constituents of the 
determinant. Constituents arranged horizontally form a 
row, and those arranged vertically form a column. In the 
above determinant there are two row’s and two columns, 
and the number of constituents is equal to 2x2, i,e., 4. 


1 * 3 . Properties. 1 

Theo. 1 . The value of the determinant is not altered by 
changing the rows into columns or columns into rows. 


Thus, 


ai 

hx 


Ol O2 

02 



bx 62 
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Tbeo. 2 . If two rows or two columns of the determinant 
are interchanged^ the sign of the determinant is changed^ 


Thus, ' 02 62 

•“ 6i02 O162 “* 

Oi 61 

; fli 61 

= - (0162 -a 26 i) 

02 62 


. 1 * 4 . Determinant of the Third Order. 

The symbolic notation 

Cl 

02 ^2 C2 

Cts &3 C 3 


( 1 ) 


is called a determinant of the third order and stands foi- 
the expression 


Ol 


62 

O2 1 *“ 0^2 

b \ Cl 

+ O3 

61 Cv 

63 

C3 1 

63 C3 


62 02 I 


(2) 


i. e , ax{h^c^ - bnCz) - 02(6103 - 63C1) + 03(6102 - 62C1) ( 3 ) 


or Oi 

i. e., fli(6aC3 “ 63C2) ■“ 61(0203 03O2) 

+ 01(0263-O362). (5). 

The results ( 3 ) and ( 4 ) are obviously identical. A 
determinant of the 3rd order is therefore reduced to a sum 
of three determinants of the 2nd order by the following 
rule: 

Multiply each constituent of any row (or column) by the 
determinant obtained by omitting the row and column contain¬ 
ing the constituent. Prefix the + and - signs alternately to 
the products thus obtained and add the results algebraically. 

In a determinant of the 3 rd order, there are 3 rows 
and 3 columns and the number of constituents is equal to 
3 x 3 t.o., 9 . 


j 62 

02 

-61 

02 

02 

+ Ci 

1 63 

O3 


O3 

O3 



Oa 6j 


O: 


( 4 ) 
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1 ' 5 . Co-factors. 

Determinants are very often shortly denoted by D or A. 
For the sake of brevity and convenience, the coefficients of 
•Oi, 6i, Cl, 02, &2i in the expansion of the determinant 
Are very often denoted by the corresponding, capital letters 
.di, Bi, Cl, ilg, Bs, C2, • » which are called Co-factors. 

Thus denoting the above determinant by D, the relation 
<( 3 ) can be written as* 

D *= aiAi+a^Az +a3A3t •** ( 6 ) 

where /li = A.i=h^c^_-b\CA, 

A 3 ™ biCtj b^Cx. 

Similarly ( 4 ) can be written as 

D ™ a^Ax + bxBx+CxCi. ( 7 ) 

Similarly it can be shown that 

D ™ bxBx b2Bz + bsBs 
«= CiCi+C2C2+C3C3, etc. 

Thus, the sum of the products obtained by multiplying 
Jthe constituents of any row (or colunm) by the corresponding 
.co-factors is equal to the value of the determinant. 

Again h^Ax"^ b^A^ + b^A^ 

“61(6203 -& 3 C 2 ) + /> 2 ( 63 Ci “61 03) +63(6102 -fegCi) 

“0. 

Similarly, Ogili + 62-Bi+ C3C1 “ 0 , etc. 

Thus, the sum of the products obtained by multiplying 
the constituents of any row (or column) by the corresponding 
CO- factors of the constituents of any other row (or column) is 
zero. 

1 * 6 . Properties. 

Theo. 1 . The vahie of the determinant is not altered by 
changing the roivs info columns or columns into rows. 
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Thus, 


ax 

bx 

Cx 

- 

ax 

a 2 

Os 

fl2 

62 

Ci 


bx 


ba 

O3 

ba 

Ca 


Cx 

C3 

Ca 


This can easily be verified by expansion as in the case? 
of the 2nd order determinant. 

Theo. 2 . If two rows (or columns) are interchangedr 
the sign of the determinant is changed. 

Thus, 


az 

ba 

Cz 

= — 

ax 

bx 

Cx 

ax 

bx 

Cx 


az 

bz 

Cz 

03 

ba 

Ca 


aa 

ba 

Ca 


This can be verified by expansion. 

Theo. 3 . If two roivs (or columns) of the determinant 
are identical, the value of the determinant is zero. 


Thus, 


ax 

ax 

As 


bx Cx 
hx Cx 
63 Cs 


“0. 


Theo. 4 . If all the constituents of a row (or column^) he- 
multiplied by the same quantity, the determinant is multiplied^ 
by the same quantity. 

Thus, 


max 

mbx 

mcx 

^m 

ax 

bx 

Cl 

az 

hz 

Ca 


az 

bz 

O2 

aa 

ba 

Ca 


aa 


c.? 


Expanding in terms of the constituents of the first row^ 

the left Bide*“13mai(62C3 ~ &3C2) “wSoi(6203 -6302)-wP. 

_ / 

Theo. 5 . If each constituent of any row (or column) iS‘ 

given as the sum of two numbers, the determinant com be- 

expressed as the sum of two determinants whose remadningt 

rows (or columns) are unaltered. 
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’Thus, dx-^Xx &1 + 1/1 Ci+jari 

fla h>£ C 3 

fljl Cg 1 


ax 

it 

Cx \ 

1 

i + i a?! 

1 • 

Vx 


Aa 

bz 

1 

Ca I 

i «2 

1 

bz 

C 2 

As 

b^ 

Cg 

' 1 

! ' dn 

b^ 

Cg 


Expanding in terms of the constituents of the first row, 
tho left side +Xt)(h2Cii - baC^^) 

^^aiib^Ca “ biCz)-^ SaJi(&gC 3 — &3C2) 

= Pi+D 2, where 7 )i, D2 are the two 

determinants on tlie right 
side. 


1*7. The Determinant 

a h g . 
h b f ! 

I g f c 

The above determinant plays a very important part in 
•Co-ordinate Geometry. Denoting the determinant by D, 

we have 

D = a{bc “ - hike - gf) + gifh - bg) 

■■ abc+2fgh - af ® - bg® - ch®. 

Here A^bc-f^, B — ca-g^, G^ab’-Ji^^ 

F’^gh-af, G = hf - bg, H -fg - ch. 

It can be easily verified that 

BC-F^^aD, Ci-G®=6D, AB-H^^cD, 
QH-AF--fD,HF-BQ^gD, FG-CH-^hD, 

Thus, BC - F^ = {ca - g'^)(ah - h^) - (gh ~ afY 

« a{ahc ■¥ 2fgh - a/® - bg^ - c/i®) 

^dD. 


Similarly for others. 
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Hence, when Z)*- 0 , 

CA^Q\ AB^H\ 

GII--AF, IIF^BG, FQ^CH. 

1*8. Determinant of the Fourth order. 

The symbolic notation 


fll 


Cl 

dt 

a^ 

h2 

02 

d2 


bs 

Os 

ds 

1 a4 

b. 

04. 

d4 


is called a determinant of the fourth order. It can be 
expanded in terms of the constituents of the first row or 
column by a rule similar to that used in expanding tho 
determinant of the third order. Thus the above determinant 
16 equivalent to 


62 

02 

d2 

- a 2 

b. 

Cl 

d^ 

ba 

Ca 

da 


ba 

Ca 

da 

b4 

C 4 

d4 


b4 

C 4 

d4 


br 

Cl 

di 

-^4 

bi 

Cl 

di 

ba 

02 

d 2 


ba 

C 2 

da 

64 

04 

di 


ba 

03 

d, 1 


A 

or ai 

ba 

Ca 

da 


aa 

02 

da 


ha 

C3 

da 


aa 

C3 

da' 


bi 

C4 

di 


ai 

C4 

di 


aa 

ba 

da 


aa 

ba 

Ca 

aa 

ba 

da 


aa 

ba 

Oa 

ai 

bi 

di 


ai 

bi 

Ci 


Properties established for a determinant of the 3 rd ordor 
in Art. 1*6 are equally true for that of a 4 th order. 
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‘ 1*9. Elimination. 

Suppose we are required to eliminate x and y from the 
three equations 


a-iX + htV Ct *= 0 , 

... ( 1 ) 

a‘iX + hzy + C2. = 0 , 

( 2 ) 

a^iX + h^y + c^, “= 0 . 

(3) 


From ( 2 ) and ( 3 ), we have by the rule of cross-multiplica¬ 
tion 

a; ^ ^ 1 

^ 3^2 02^3 “■ C 3 fl 2 

^ ^ ^ -- ' 7y * 

^2^3 " ^2^3 "“U'3?^2 

Substituting these values of aj, ?/ in (l) and simplifying, 
we get 

o 1 sCy)“i*&i(c2U3 “^s^g)"t"ci.(n>g& 3 “’rt3^2)***0, 

ic., i at ht Ca i«0, ... (4) 

I 

Clg fcg Cg 
j O 3 Z >3 C 3 

w’hich is the required eliminant. 

Similarly, the result of eliminating x, y, z from the 
equations 

atX’\rhty + CtZ =‘0 ... ( 5 ) 

agjc + dgV+ C 23 : —0 ••• (6) 

a^x + ht^y + CitZ^^O ... ( 7 ) 

would he the same as ( 4 ). This can he easily shown by 
obtaining the proportional values of x^ y, z from (6) and ( 7 ) 
by the nile of cross-multi plication and then substituting 
them in ( 5 ). In fact, in this case we are really eliminating 
two unknown quantities xjz^ ylz from three equations. 

Thus, the result of elimination of two quantities or three 
quantities (as in the second case) from three equations is 
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the vanishing of the determinant formed by the coefficients 
of the given equations^ taken in the order in which they occur. 

Note. The relation (4) is the condition which must hold among 
the coeffloients of the given equations in order that x, e may have 
the same values, different from zero, in each of the three given 
equations. 

Similarly, the result of elimination of three quantities 
a;, y, z from four equations a±x + bj_y + c^z + = 0 , as® + b2y 

•¥c2Z + d2—0, a^x-i-bny + CaZ-i-ds^O, aix + b4,y + C4^z 
+ d ^""0 is 

at bt C| «Zii= 0 . 

I 

Ug &2 ^3 ^3 I 

fltg ba Ca da 

a 4 b 4 , C 4 d 4 , 

1*10. Relations between roots and coetficients. 

If a, y be the roots of the cubic equation 
ax* + +GX + d’= 0 , 

then a + jS + y — bla, 

fiy + ya + ap’^cla, 

- afiy"’ —dia. 

Since a, jS, y are the roots of the cubic, 

.*. ax*+ 6 x*+cx + c 2 —a(x-a)(x-i 8 )(x-y) 

“ afx* “ S a.x* + ^/ 3 y.x - afiy}. 

Hence comparing coefficients of x*, x and constant 
terms, the required result follows. 

Similar relations hold good between tlie roots and 
coefficients of equations of higher order. 
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Examples 1 

1. Find the value o£ 




CE 

1 ; » 

(ii) a 

b + c 

1 1 • 



6 

1 i 

1 b 

c + a 

1! 

1 



c 

1 ; 

1 

c 

a + b 

1 1 

(iii) 1 

1 

2. 

3 ; 

1 

(iv) 1 a 

b 

c ■ . 

i 

! 

4 

5 

6 


b^ 

i 

I 

i 

7 

14 

21 : 

1 

1 1 

1 

1 i 




: he 

ca 

ah i 


2. Eliminate a, from 

(i) aa + + c 0, 

ha + 6‘/3 + a •= 0, 
ca + + ?> = 0. 


(ii) aia + + Cl. ■= 0, 

a^a + 1*2^ + C2 = 0, 

cu^a "f* h^P *i* c^ 0. 


3. Eliminate A, G from 

(i) ^331 + Bt/i + C = 0, (ii) Ax+By +C = 0, 

Ax 2 + By .2 + C =^0, Ax'+ By'+ C =^0, 

Axs+Bya + C^O. Aa + Bb =0. 


4. If a, i5, y be the roots of the cubic 

(1) 2x® — 4x® + 5x -• 6 *= 0, find the value of a/3y. 

(2) — 3x + 2 = 0, find the value of i’a. 
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CO-ORDINATES 

2*1. Cartesian Co-ordinates. 

The underlying principle of Co-orditiate Geometry—first 
conceived by the French Mathematician Des Cartes—is to 
set up a definite correspondence between the position of a 
point in a plane and a pair of algebraic quantities, very 
often called co-ordinates. 



The position of a point in a plane is referred to a pair 
of intersecting lines in the plane. Take any point 0 in the 
plane and an arbitrary pair of lines XOX^ and YOY' through 
it. Let P be any point in the plane. Draw PM parallel 
to YOY to meet XOX' in M. The two distances OM and 
MP which define the position of the point P in the plane 
are called its co-ordinates. The lines XOX\ FOF^with 
reference to which the distances are measured are called 
axes of co-ordinates, XOX' being called the axis of x or 
ay-axis and YOY'^ the axis of y or y-asis. The point 0 is 
called^ origin. OM is called the x-co-ordinate or abscissa^ 
and PM is called the y-co-ordinate or ordinate of P. If x 
be the abscissa and y the ordinate of P, P is very often 
denoted as the point (a;, The co-ordinates a?, y are 
often called Cartesian after the name of the discoverer,. 
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Des Cartes, to distinguisli them from other kinds of co¬ 
ordinates, which are also used to locate the position of 
a point in the plane. 

2*2. Signs of Cartesian co-ordinates. 

Even when the distances OM, MP are known, the 
position of P is not completely fixed, unless it is known 
whether OM is drawn to the right or left of YOY' and MP 
is drawn above or fielow XOX'. The directions of these 
lines are expressed by the signs of the co-ordinates of P, the 
same convention about the signs of the distances being 
adoj)ted as in the case of Trigonometry. 

Thus OM is considered positive when drawn to the 
right of YOY', and negative when drawn to the left of 
YOY' ; and MP is considered positive when drawn above 
XOX', and negative when drawn below XOX'. The axes of 
co-ordinates divide the entire plane into four regions, each of 
wliich is called a quadrant. Thus XOY, YOX'^ X'OY'^ 
Y'OX are respectively first, second, third and fourth 
quadrants. The signs of the co-ordinates (ac, y) of a point 
P in the different quadrants may be shown as follows ; 


p i 

I 1 

II 

iIII 

IV 

/ 

1 

1 a; 

1 

+ ; 

— 

1 1 
1 

1 

+ 

1 

y 

1 

+ i 

+ 

> 

1 

_ 1 

1 


This convention regarding the algebraic signs of x. y 
being adopted, it is easy to see tliat any given point P has 
attached to it two determinate co-ordinates x and y and, 
when x‘ and y are known both in magnitude and sign, the 
point P is uniquely determined. 

2*3. Rectangular and oblique co-ordinates. 

The co-ordinates as well as axes are said to be rectangular 
or oblique according as the angle XOY between the lines 
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of reference «.e., axes is or is not a right angle. When the 
angle XOY is not a right angle, it is usually denoted by 
which may be greater or less than a right angle. The 
co-ordinates used in this treatise are for the most part 
Cartesian rectangular co-ordinates ; hence, wherever the 
term ‘co-ordinates’ occurs in the treatise, they may always 
be taken to mean Cartesian and rectangular, unless the 
contrary is stated. 

Cor. (i) Co-ordinates of the origin p,ro (O, 0). 

(ii) Co-ordinates of a point on the a;-axis may be 
written as (a?, 0) and those on the ?/-axi8 as 
(0, y). 


2*4. Distance between two points. 

(A) Bectafigular axes. 

Let P(jCi, 2/i), Q(x^,yz) be two points. Draw PM, 
QN perps. to OX. Draw QB il to OX to meet PM in E. 

Then from the right-angled 
A PQB, we have 

Now, QB = JV.¥ ==OM-ON 

BP^MP-MB 

“¥P-NQ = i/i - ya* 

.*. PQ, i.e., the distance between two points (aJi, 

< 352 , Vz) 

- V(Xi -Xa)®+ry“i - ... (1) 



Cor. The distance of the point (xi, yi) from the origin 
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(B) Oblique axes. 

Draw PMy QN il to OY and QR 11 to OX, 



+ 2(xx - x<^){yt - f/a) cos ( 0 . 


( 2 ) 


2*5. Section of a line in a given ratio. 


To find the co-ordinates of a point which divides the- 
line joining the points (aJi, ^i), (aj-j, y f) in the ratio m : n. 


Let P(iPi, Vx) and 
Qi.X2, y>i) be the given 
points and lot R{xj y) be 
the point dividing PQ in 
the ratio m : n, i.e., 

PR : RQ ’=m: n. 

(i) First suppose R 
divides PQ internally, so 
that R lies between P 

and Q, 



Draw PL, QM, RN H to OY. Draw PT ll to OX^ 
cutting RN in S and QM in T. Then since the parallels 
PLt QM, RN are met by the transversals PQ and LM, 


m PR m 
NM'^RQ’" n 
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ON-^OL w 

OM-ON’ *•*•’ iCi-x~ n' 

. wa?a + »»! 

. . a; *■'“.. • 

m + n 

Again, in A PQT, since BS is 11 to QT, 

BS _ PB ^ 

g!r“>g"p/e+j2g“m+n 

■BN-SN^ . y-Vx _ 

gilf-TM ' y^^Vx m + n 

‘ * ■ ’ m + ?i 

Hence the required co-ordinates of B are 

/ 

mxa+nxi myg+ny^ 

m+n m+n 

h 

(ii) Secondly, when B divides PQ externally in the same 
ratio m : w, i.e., when B lies on PQ or QP produced, we can 
similarly prove by drawing the requisite figure that the 
co-ordinates of B are 

mxg-nxi mya - nyi 

m-n m-n 

Cor. Co ordinates of the mid-point of PQ are ^(xi 4*X 2 }, + 72 ). 

Note 1.^ It is easy to see that the above results are equally true for 
oblique axes, , 

Note 2. From above it is olear that the co-ordinates of a point 
dividing PQ in the ratio X : 1 are 

. gi+ Xx, ?/i+Xj/a. 

1 -H ^ l-H X 

Considering X as a variable parameter (t.s., capable of all values 
positive or negative) the co-ordinates of any point on the join of (xi, Pi) 
and (iCs, y%) can be represented in the above forms. 
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2*6. Area of a triangle. 

To find the area of a triangle in terms of the co-ordinates 
of its vertices. 

Lefc (sTi, yi), (a; 2 , l/a). fes. 1 / 3 ) be the co-ordinates of the 
vertices i4, J5, C of A ABC. 

Draw AL, BM, ON perp. to 
tlie iJJ-axis and let A denote 
the area of the triangle. ^ 

Then A “trapz. ALMB + 
trapz. ALNC - trapz. BMXC. 

Since area of a trapz. = 4 (sum 
of pari, sides) x distance 

■ 

between them, O M L N 

.*. A = UAL + BM) X ML + UAL + CN) x LN 

- UBM+ CN) X MN 

^Uvx +y2)(xi 

--M1/2 +if 8 )(a’.T -ica). 

On simplifying and re-arranging, we easily have 

A - i(xiya - XaY 1 + Xaya - XgYa + Xgy 1 - Xiys)*• '(D 
which can bo easily put in the determinant notation as 


A-J X, 

yi 

11. 

» 

Xa 

1 

ya 

1 

i X 3 

ya 

1 1 


Cor. The area of the triangle whoso vertices are (0, 0), 
(afi, t/i), (aJa. y^) is Ux\y2 - X2yy). 

Note 1. Obviously when 3 points are colUnear, the area of the 
resulting triangle Oonversely, if then the 3 vortices 

must be collinear. For the area being ^ base x altitude, it can 
vanish if either base or altitude Now, base cannot be zero, for 
that would imply 2 of the points to coincide. So the altitude, i.e., the 
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perp. dropped from one of the vertices to the opposite base ^=0. In 
other words the 3 vertices must be oollinear. Thus, the vavmhing of 
is the necessary and sufficient condition for the collinearity of 3 points. 
For another method see Art. 8*11. 


Note 2 . If the axis he oblique and inclined at angle the perps. 
^T/, BM, are no longer equal to the ordinates i/i, 2 / 9 , j/a but to 
sin w, y,i sin w, y, sin w. Hence in this case the area of i^ABG 
becomes 

i sin w{a;, 2 /,-X 97 y,+a;, 2 /,“a;, 2 / 9 +a!', 2 /j-a;,p,>. 

Note 3. Here we have taken the vertices of the trianglo in the 
counter-clockwise order ; but if we take them in tho clockwise order, 
the analytical expression for tho area of the triangle, while retaining 
its magnitude, will be found to have changed its sign. 


-jr 2*7. Area of a quadrilateral. 

^ To find the area of a quadrilateral in terms of the 
co-ordinates of its angular points. 



Let .the angular points 
of the quadrilateral taken 
in order bo A{xi, yi), 
B{xz,y2)iC(xH,ya),D{(Siiy4)- 
Draw AK, BLt GM^ DN 
perps. on OX. 

Area of the quad. 
ABCD *■ trap. AKLB + 
trap. BLMG + trap. GMND 
- trap. DNKA 


« k(AK + BL).KL + UBL + GM).LM* 

+ UGM+DN).MN-UDN+ AK).NK 
= +if2)(®i ”aJ2) + i(y2 +ys)fe2 -xs) 

+ iiva + ye){xa “ X4) - Uyt + ViKxi - Xi) 
■* 2 - XzVi) + (£ 52^8 - Xaya) + (x^ye - 054 ^ 3 ) 

on omitting the terms which cancel. 
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Note 1. The above formula can also be established by joining the 
origin O to the vertices A, C, D and thus dividing the quadrilateral 
into a number of triangles. Thus 

Quad ABCD= AOAB+£iOBC-AOCD-AODA. 

Now, ^OAB^^ixiyt-Xj^t). [See Cor., Art. 2*63 

Similarly for other triangles. 

The area of a polygon of any irumbcr of sides can similarly be 
obtained. 

Note 2. It should be* noted that the area found above has a 
reference to the certain oidor in which the vertices A, B, C, D 
arc taken. 


2'8. Polar Co-ordinates. 


Tliere is another way 
in a |)laDe can he fixed, 
fixed straight line OX through 
point P will be known, wdien 
we know the length of OP 
and the angle XOP, OP, 
usually denoted by r, is 
called the radius vector and 
/.XOP, usually denoted by 
&,> is called the vectorial 
angle. The point 0 is called 
the pole and the line OX 
called the initial line. 


in which the position of a point 
Take a fixed point 0 and a 
it. The position of any 


p' 


Thus, (y, 0) which define the position of the point P 
are called polar co-ordinates of P. 

As in Trigonometry, 0 is considered positive, if measured 
from OX in the counter-clockwise direction and negative, if 
measured in the clockwise direction. 

The radius vector r is considered to be positive, if 
measured from 0 along the line bounding the vectorial angle, 
and negative, if measured in the opposite direction. 

Suppose PO is produced to P', so that OP' is equal 
in magnitude to OP. For the vectorial angle XOP i.e., 0 
which OP bounds, OP is positive and OP' negative, but 
for the vectorial angle XOP' i.e., - («- 0) which OB' 


2 
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bounds, OP' is positive and OP negative. Thus we see 
that the same radius vector may be positive or negative 
according to the vectorial angle with which it is associated. 
Since the same radius vector can be taken with two 
different signs and the vectorial angle can be measured in 
two different directions, a point on a plane can therefore be 
represented in four ways by polar co-ordinates. Thus the 
same point is represented by the following ijolar 
co-ordinates : 

(r, 0), (- r, 71 + 0), {- r, - (ti - e\, {r, - { 2 n - 0)t. 

For isolated points, it is however always convenient to 
choose both r and 0 positive. 

Note. Co-ordinates of the pole arc (o, o). 

2*9. Relation between Cartesian and Polar 
Co-ordinates. 

Taking the pole and the initial line of the polar system 
as the origin and the axis of x in the Cartesian system, 

we can easily find out the relation 
between the co-ordinates of a 
point in the two systems. 

fjet (», y) be the Cartesian 
co-ordinates of P with respect to 
OX, OY as axes and let (r, 0) be its 
polar co-ordinates with reference 
to 0 as i)ole and OX as initial 
line. 

Draw PN perp. on OX and join OP. 

Then, x -* OJV—OP cos XOP — r cos 0. ... (l) 

y«p^».OP sin XOP-r sin 6. (2) 

Squaring and adding ( 1 ) and ( 2 \ we get, 

and dividing (2) by (1), we get tan 0 ^ • 

r- ... (3) 

‘ 6«tan"^-?. • .., (4) 
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The relations (l) and ( 2 ) express Cartesian co-ordinates 
in terms of polar ones and ( 3 ) and ( 4 ) express polar equations 
in terms of Cartesian ones. 

By means of the above two pairs of relations the polar 
equation of a curve can be deduced from its Cartesian form 
liy writing r cos 0 for x and r sin 6 for y in the equation of 
tlie curve. Similarly, the Cartesian equation of a cw've can 
he deduced from its polar equation by writing + for 
:r and tan " ^ylx for ^ in the equation of the curve. 

Thus, if the Cartesian equation of a curve is f{x, y)^ 0 , 
its polar equation is/(r cos 0 , r sin 0) = 0. 

Conversely, if the polar equation of a curve is F(r, fl) = 0 , 
its Cartesian equation is F( x'^ + //“, tan“ ‘ y/x) = 0 . 

210. Distance between two points in polar co¬ 
ordinates. 

Let 0*1, ©i), 0*2, 02) be the 
polar co-ordinates of P, Q. 

Then LPOQ^ /..XOP- 

ZZOg=0i-O2. 

Hence PQ'^ 

- OP‘^ + -20P. OQcobPOQ 

“ri^ + ra*-2rir2 cos (0 l “02)- 

2'11. Area of a triangle in polar co-ordinates. 

To find the area of a triangle in terms of the polar 
co-ordinates of its vertices. 

Let O l, Ol), 0*2, 02). 0 * 3 , ^s) Q 

•lie the polar co-ordinates of 
nlie vertices A, B, C of the 
AA BC. We have 

AiBC « AOAB + AOBC 

- AOAC. 

AOAB=‘hOA.OB sin AOB 

■= 4 rir 2 sin (02 “0i). ^ 




X 
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Similarly, 

AOBC-irars sin (0^-62), 

AOilC “Jrari sin ( 03 - 0 i)“ -irarj. sin (Oi-OaX 
A*=i[ya»*» sin (03-Oaj + rari sinCOi-Og) 

+ ri?*a sin (0a-0t)]. 

2'12. Equation and Locus. 

We have seen that the position of a point in a plane 
is dependent upon two co-ordinates. When, however,- 
a single analytical relation of the form x + y - 7 — 0, or 

+1/^ “4 (1) is given, then, by giving various values to x, 
vve get corresponding values ot y. We can plot the points, 
whose co-ordinates are the corresponding values of x and //' 
thus obtained. The points thus plotted will arrange them¬ 
selves on a certain curve S, say. Then (l) is called the- 
equation of the curve S and E is called the graph or the- 
locus of the equation ( 1 ). What has been said with regard: 
to the relation between the Cartesian co-ordinates applies 
equally well to the case of polar co-ordinates. Thus the- 
equation of a curve is the algebraical relation, which is- 
satisfied by the co-ordinates of every point on the curve and 
by no i^oint outside it. 

Conversely, the locus of an equation is the curve, the. 
co-ordinates of every point on which satisfy that equation. 

When a point moves in a curve, its co-ordinates are- 
called, ov running co-ordinates. It is usual to denote 

the current co-ordinates by (x, y), (r, 0) and the co-ordinates 
of a poipt in any of its particular positions by {x', y'),. 
(a?i> Vi), (n, 0i) etc. ; 

The equation of the locus of a moving point is obtained^ 
thus : 

From the given geometrical condition of motion, find out 
a relation between the co-ordinates of the moving point in 
any of its positions >nd this relation, when expressed in 
current co-ordinates, is the equation of the locus. Sometimes 
when there is no chance of confusion, the co-ordinates of the 
moving point are taken in the current form in the very 
beginning. 
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2*13. Illustrative Examples. 

Ex. 1. If the vertices of a triangle arc (a:,, y^), {x.,, (x,, ,y,), 

ishow that the co-ordinates of its centroid are ' 

X, 4-Xa-t-x, y, -t-yg+y,. 

,3 ’ 9 

Let A(x,, ?/.), B(xj, y^), CCx,, y,) 

■be the vertices of the triangle. Let 

D be the mid-point of BC. 

• 

Then the co-ordinates of D are 

-iCta-fa;,), Hy^-i-y^). 

Let X, // be the co-ordinates of the contriod G. Since G divides 
AD in the ratio2:1, 

-_2.i(a;,-fx,)4-x, x.-i-.T,-f-x*. 

3 ” 3 ’ 

;^M((/a+!/.) + Vi_J/i +V1+V3 
•^3 3 ' 

Ex. 2. If the vertices of a trianylc are (Xj, 2 /,\ (xj, t/j), (x,, »/,), 
show that co-ordinates of its in-cenire are 

axx-^hx^ n//, +hy^-\-cv^ 

1 1 ' " ” > 

a+6 + r a-fr"0+c 

where a, b, c are the sides of the triangle. 

Let A{x^^ y,), B{x^, C{.Tj, ?/.,) be the vertices of the triangle. 

Let AD bisect f.BAC and cut BC in D. 

Then we know that 

BD : I)C = BA : AC = c : h. 

Then the co-ordinates of D are 

b.T<,-f cx, by^-t-ciu 
b-i-c ’ b + c 

Let (x, y) be the co-ordinates of the in¬ 
centre J. 

Again* ID : A/.> = in-radius ; altitude 
_ A . 2 A * 
s a 

= a : a+b+c. 

*See Das & Mukherjee’s Higher Trigonometry, Art* 28. 


A 



A 
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AI: ID’=b+c : a 

ax I +(6+c) 


hx^+CXi 

b’¥v 


a+b+c 


a+b+c 


Similarly y can be obtained. 

Ex. 3. Transform the eqtiaiions 

0 ) = 

from Cartesian to polar co-ordinates ; „ 

(ii) r’ cos 20 = a’ 

from polar to Cartesian co-ordinates. [C. U. 1941} 

(i) Putting x=r cos $, y^r sin 0, we have sc* +?/* =r* 
and — ?/* »=r*(cos*0 —8in*0) = r* cos 20. 


.'. the equation becomes 

r'‘=o"»* cos 20, 
i.«., »'* = a*co8 20. 


(ii) The equation may be written as 
r*(co8*0—sin*0) = a*, 
i.c., a!*-7/*=a*. 

Ex, 4. Find the equation of the locus of a point, which moves so that 
the sum of the squares of its distances from thepoints (a, 0), (-a,0) is- 
constant and equal to 2c*. 

Let (sc', y') be the co-ordinates of the point in any of its position > 
Then, by the condition of the problem, 

(a;' —o)®+?/'* +(sc'+tt)* +//'* = 2c*, 

i.e., sc'* + f/'* = c*-a*. 

This relation being satisfied by the co-ordinates of any point on tho 
locus, the equation of the locus is «“ -fy* “C* — a*. 


Examples II 

1. Show that the four points, whose co-ordinates are 

(4. 3), (6. 4), (6. 6). (3, 6), 
are the vertices of a square. 

2. Find the circum-centre and circum-radius of the 
triangle, whose vertices are (7, 9), (1, 1), (0, 2), 
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3. Prove that the three points, whoee co-ordinates are 
{a cos a, a sin a}, {a cos (a + a sin (a + Iti)}, 

and \a cos (a - W. Cb sin (a - ^n)\ form an equilateral 
triangle, whose circumcentre is the origin. 

4. Verify that the 4 points ^4, C. D, whose co-ordi¬ 
nates are (a, 6 ), (a + a, 6 + ^), (a + a + a', ^ + i? + /30i and 
(a + a', 6 + j 80 t when joined in order, form a parallelogram. 

Also ascertain tlie condition for ABGD to be 
(i) a rhombus, (ii) a rectangle. 

[ For (i) use AB = BC. For (ii) use AC^BD. ] 

5. If (cct, 2 /i), (a: 2 , yz), Ua. Vs)* (xa, Vi) are the vertices 
of a i)arallelograrn, taken in order, then 

Xi+x^ “072 and Vi+Vs ^V 2 + 2 / 4 . 

6 . If D be the mid-point of the side BGoi ^ABC, then 

AB^+AG^^2{AD'‘^ ^BD^). 

7. Prove analytically that the line joining the mid¬ 
points of the two sides of a triangle is half the third side. 

8 . Find the co-ordinates of the point, which divides the 
line joining the points {a + 2b, a —2b), {a —2b, a+ 26), 

(i) internally and (ii) externally, in the ratio a : 6. 

9. (i) Satisfy yourselves that the two triangles, wdiose 
vertices are (3, 0), (0, 7), (l, l) and (13, 3) (2, 3), (- 11, 2) 
have the same area and the same centroid. 

(ii) If two vertices of a triangle are (2, 7) and ( 6 , 1) and 
its centroid is ( 6 » 4), find the third vortex. 

10. If G be the centroid of A ABC, then 

AB^ +BG^ + CA* =3(^4^ + GB^ + GC^). 

11, If P, Q be the points (a cos Tt b sin y), (-a sin 

b cos <p) and 0 be the origin, prove that the expression 
OP® + OQ^ and tlie area of A OPQ are independent of <p. 
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12. Find the area of the triangle, whose vertices are 
' (i) (3. 2). (5. 4). (2, 2) ; 

(ii) (a, a*), (6, b^), (c, c®) ; 

(iii) (a cos 9 >i, 6 sin (pi), (a cos T 2 , h sin V’a), 

(a cos (pa, h sin (psi) ; 


/ (i\ 

1 c \ 

I c\ 

\ fj’ 




13. The angular points of two triangles are given as 
follow : 


(i) 2 at\), {at 2 ^> 2 a< 2 ), ^at^) ; 

and (ii) {ai 2 / 3 » a(i 2 + < 3 )h + 

"t* ^ 2 ) 1 * 

Show that the area of the first triangle is double that 
of the second. 

14. Prove analytically that the area of any triangle is 
four times the area of the triangle, formed by joining the 
mid-points of its sides. 

15. Verify that the area of the triangle formed by the 
points 

(»i, 1/1)1 (® 2 i 2 / 2 ), (a7a, 2 / 3 ) 

is the same as that of the triangle formed by the points 
(ajt + /t, 2/1 + Zf), {x2 + 1/2 + Zc), (a;., + /i, 1/3 + it). 

16. Find the area of the triangle, whose vertices are 

(a, h + c), (6, c + a), (c, a + b) 
and interpret the result geometrically. 

ytl. Show that the three points (4, 2), (7, 5), (9, 7) lie on 
a right lino. [C. 17. 1943] 

18. Show that the lines, joining the middle points of the 
opposite sides of a quadrilateral and the line joining the 
middle points of its diagonals are concurrent and bisect one 
another. 
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19. Show that the four points whose co-ordinates are 

o(cos a + cos /5 -I- cos y), a(sin a + sin + sin y), 

rt(cos /? + cos y + cos d), a(sin ^ + sin y + sin d), 

a(cos y + cos d + cos a), a(sin y + sin d + sin a), 

a(cos 6 + cos a + cos j5), a(sin d + sin a + sin /3) 

lie on a circle. 

[ Each point is equidistant from the point (a2] cos a, sin a). ] 

20. (i) Find the area of the quadrilateral, whose angular 

points are fl, 1), (3. 4), (5. -2). (4, -7). [C. U. 1944] 

(ii) If the area of the quadrilateral whose angular 

points A,B, C, D, taken in order, are (l, 2), (-5, 6), (7, -4) 
and (A, - 2) be isero, find the value of k. [C. f7. 1943] 

(iii) Show that the area of the quadrilateral, whose 

vertices, taken in order, are (a, 0), (- 6, 0), (0, a), (0, - 6), is 
zero ; {at b > 0). Explain the result with the help of a 
diagram. [C. U. 1943] 

21. Prove that the points (3, 90“) and (3, 30“) form witli 
the origin an equilateral triangle. 

22. Find the area of the triangle whose vortices are 

(i) (3, 30“). (2, 90“). (1. 150“). 

(ii) (rt, 0), (2a, d -i- ^a), (3a, 0 + f^i). 

23. (a) Transform the following Cartesian equations into 
polar forms ; 

(i) - 2ax0. (ii) Ax + By + C^O. 

(iii) y^x tan a. (iv) x^ =a\ 

ib) Transform the following polar equations into 
Cartesian forms : 

(i) r“a. (ii) ?* = 2 acos 0. 

(iii) hlr=^A cos 0 + B sin 0. (iv) r® “a^ cos 20. 

(v) r® sin 20*= 2a®. (vi) cosl0“a^. 

N^vii) j'fcos 30 +sin 30)=*5^ sin 0 cos 0. 

[a U, 19311 *46] 
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24. Find the equation of the locus of a point, which 
moves so that 

(i) its distance from the origin is constant and equal 

to a. 

(ii) the square of its distance from the or-axis is 
Aa times its distance from the y-a^xis. 

(iii) its distance from the j/-axis is twice its distance 

from the point (2, 2). * [C. U. 1939] 

(iv) the area of the triangle, formed by joining it to the 
points (a, 0), { — a, 0) and by joining these points, is constant 
and equal in magnitude to c^. 

(v) its distance from a fixed point (ri, 0i) is always 
constant and equal to a. 
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STRAIGHT LINE 

31. Locus of Ax+By + C*0. 

Every first degree equation in x and y always represents^ 
a straight line and conversely every straight line can be 
represented by a first degree equation in x and y. 

Let us proceed to cliaracterise the curve /’defined by 
the linear Cartesian equation Ax + By^C=^0. ( 1 ) 

If P{xi,yx), Q (® 2 , ?/a), Tt{x^,yst) be three points 
taken at random on the curve /’, we must have 

Ax I + 7i?/i + C*=0, Ax 2 + By 2 + C = 0, Ax^ + By 3 + 0 = 0. 

Eliminating A, B, C, we get 

XI 2/1 1 i -=0. 

' I 

X2 V 2 1 j 

X 3 7/3 1 ' 

Hence, by Note 1 of Art. 2*6, P, Q, R are collinear, i.e., 
any three points on /’ lie on a right line. So if two of the 
points, say P, Q be kept fixed, any third point R on\P must 
lie on the lino PQ, This is another way of saying that P 
itself is a riglit line. Thus every first degree equation in 
X and y always represents a straight line. 

To prove the converse case, we start with any given 
straight line P and take any two points P(sFi, y\) and 
2 / 2 ) on it. Regarding tliose points as fixed and taking 
an arbitrary point {x, y) on /’, we immediately express the 
condition of collinearity in the form : 


X y 1 

xi 7/1 1 

072 y2 1 


0. 
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Expanding in terms of the constituents of the first row, 
it becomes Ax + By + 

where B-x> 2 -Xif C“a:i 2/2 ~ flf 22 /i. 

Because P, Q ai'e fixed points, A, B, C must be regarded 
as constants, independent of the current co-ordinates a?, y. 
Thus we have established the converse proposition that 
every straight line can be represented by a linear equation. 

3‘2. Equatioa of lines parallel lo axes. 

Let AB be a line parallel to 2 /-axis and at a' distance 

a from it. Let (x, y) be the co-ordinates 
of any point P on it. 

Then aj=*a, whatever be the value 
of a. 

. the equation of a tine parallel 
to y-axis and at a distance a from it is 
a;** a. 

Similarly the equation of a line 
parallel to x-atis and at a distance b 
from it is 2 / = b. 

Cor. The equation to the x<ixis is 2 / 0. 

The equation to the y-axis is a: = 0. 



3‘B. Equation of a straight line. 

(A) m-form. 

To find’'the equation to a 
straight line which cuts off a 
given intercept on the y-axis 
and is inclined at a given 
angle to the x-a^is. 

Let AB be the straight 
line, cutting off the intercept 
OG^c from the y-axis and being inclined at an angle B 
to the a;-axis. Let (a;, y) be the co-ordinates of any point P 


Y 


f 

C. 

/f 

D 



/ 




B 


N 
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on AB. Draw PN perp. to x-axis and CD pari, to ?/-axis 
to meet PN at D. 

mu i. nnT% PN-~CO _V-C 

Then, tan 0 = tan PCD ^^ • 

y — x tan 6+c 

or y — mx + c ••• (1) 

where m = tan 6 . 

This, being the relation between the co-ordinates of 
any point on the line, is tlie equation of the line. 

Note. The angle 6 is called slope or gradient of the line. 


(B) Intereept-form. 

To find the equation to a straight line which cuts off given 
intercepts fro'm the axis. 

Tjet the straight line i4B cut ofl’ the intercepts 0.4 ■= a 
and OB — b from the axes of 
.V and y respectively. Let 
(x, y) bo the co-ordinates 
of any point P on AB. Draw 
Pilf, PN perps. to ic-axis and 
3 /-axis respectively. Join OP. 

From the fig., 

A0P4 + AOPB = A04P. 

/. WA. PM+lOB. PN 

= i04.0P, 
i.e., ^ay + ^bx^^ab. 

Dividing by lab, we get 

l + f-l. (2) 

Note 1. The above, ^nation also holds good for oblique axes ; the 
only difference in the proof is that the factor sin w, which occurs on 
both sides for the expression for the areas, cancels out finally. 

Note 2. The above equation can also be written as 

lx<t>myail 

where I’^lfa^ 
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(C) Perpendicular-form. 

To find the equation to a straight line in terms of the 

perpendicular p let fall on 
it from the origin and the 
angle a that this perpendi¬ 
cular makes with the axis 
of X. 

Let OK be X to tlie 
line AB from 0 and 
/LXOK—a. Let («, y) he 
the co-ordinates of any 
point P on AB. 

Draw PL perp. to OX, LM perp. to OK and PN perp. 
to LM. 

Then, OM OL cos a = x cos a, 

MK’^NP’^LP sin PLN'^y sin a, 
for /LPLN^^Qf- l.ML0^ LLOM^a. 

Now ■* OK ■" OM + MK “ x cos a + y sin a. 

the reqd. equation of the line is 

X COS a+y sin a-p. ... (3) 



Alternative Method. 


IS 


Since OA — p/cos a, 

OJ5«*p/sin a, 

tising the intercept-form, the equation of the line 


+-JI _ 1 

2 ?/cos a pi sin a ’ 

or, X cos a + y sin a — p. 


V* 


(D) Diatanee-form. 

To find the equation to a straight line, passing through 
‘u given point (xx, y\) and inclined at an angle Q to the 


x-axts. 
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Let A bo the given point (xxt Vx) and AB be the straight 
line through A inclined at 
an angle 0 with oj-axia. 

Then /LPBX^d. 

Let (®, y) be the co¬ 
ordinates of any point P 
on the line, where i4P = r. 

Draw AM, PN perps. to 
OX, and AL perp. to PN. Then XPAL^O, 
AL^MN^ON-OM^x-Xx, 

PL = PN-NL - PN-AM = y-yx. 

Now, AL = AP coii 0, PL -^AP sin 0. 



cos 0 sin 0 


= .1P, 


COS 0 sin e 


(4) 


where r is tho distance of any point on the line from 
■(aJi. Vil 


This, being the relation between tlie co-ordinates of any 
point on the line, is the equation of the required line. 

Note 1. Co-ordinates of any point on the line a,\i ^ distance r from 
the point (x,, 7/,) are given by 

x = a'i + r cos 0, //■»?/,-f-r sin ... (5) 

Sometimes cos d, sin B are called direction-cosines of the lino and 
are denoted by 1, m, so that P + »»'* = 1. 

Substituting values proportional to cos 6, sin B, the above equation 
-of the line can bo written as 


. («) 

Now, of course, r will be proportional to the distance of any point (x, y) 
from (*,, 3 /J and and co-ordinates of any point on the line 

may be written as 

x=Xi-»-Xr, y^Vi + pr 

And the of the line is 


■ le 


(7) 
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Note 2. This form of the equation of the line is sometimes called 
Symmetrical form. 

Note 3. From the different forms of the equation of a line obtained 
above, it is clear that the equations are all of the first degree in x, ;y, 
that every equation involves two independent constants and that we can 
easily pass from one form to another. 

3*4. Reduction of Ax + By + C = 0 to different forms. 

From the above equation, we get 
?/ = "■ {m-form). 

Here nv^-AfE, 

Again, Ax-irBy^ - G 

_ »= 1. {Intercept-form) 

Dividing the given equation by we get 

A B _ C . 

iPerpendiciUar-form). 

By Elementary Trigonometry we may define an angle 
uniquely as the least angle (positive or negative) which 
satisfies the equation tan a » B/A ; so that 

^ cos a - sin a - 


Ax-¥ By + C “ 0 is called the general form of the equation 
of a line. 


Note. If two lines are coincident, their corresponding intercepts on 
the two axes will be equal. Now, writing the two equations in the 
intercept-forms, we see that the conditions for the coincidence of tlie lines. 
a,®+6iy+Cj»»0 and aasr+bay+e, «0 are 



6 , a, ba Ca 
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Thus, when two lines become coincident, the coefficients of the 
corresponding terms of their equations are proportional. In other 
words, if lico equations of the first degree represent the same straight 
the ratios of corresponding coefficients must be the same. 


3'5. Line through (xi, yi) and (xq, y^). 

Let the equation of any straight line be 

y^mx + c. ... ... (1) 

Since it passes through (xi, 7/1), we have 

yi=vix^+c. ... ... ( 2 ) 

Subtracting (2) from (l), 

y-Vi =m{x-Xt). ... ... (3) 

Since (3) passes through {x- 2 , V^), we have 
1/2 -y\=m{x2 




7/ j - 
X 2 - 


?/t 

- - • 

Xx 


(4) 


Substituting this value of m in (3), we get the equation 
of the required line to be 


y-yi 


yi»^yi 

X 2 -X 1 


(x-Xi), 


(5) 


x-Xi y-y.1 


( 6 ) 


Cor, From (3), it follows that the equation of any line 
through (®i, yi) is 

y-yi-m(x-Xi) ... (7) 

m being any arbitrary constant. 

Note 1. The ‘w’ oftheline joining (®,, y,), (as,, y^) is 


Note 2. 
<®i, Vi) is 

3 


ftlZ-Vj. or o rdinat es^ 

z, - Xi — Z 3 diff. of 2 aosc%S8<B 

The equation of the line joining the origin to the yoint v/ 
®i Vx 
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Alternative Method : 

Let the equation of any line be 

Ax + By-^ C = 0 . (l) 


Since it passes through (ari, 2/1) and {x2, 2/2)1 we have 

Ax^+Byi + C-0 ... ( 2 ) 

Ax 2 +Bi /2 + C — 0 . ... ( 3 ) 

Eliminating A, B, C between (l), ( 2 ), ( 3 ), vve get the 
equation of the required line to he 

: X y 1 ** 0. 

xi yi 1 

I 

1 Xa Ya 1 ' 


3*6. Angle between two lines. 


Let 0 be the angle between the lines ABi , AB2, so that 



A.B^_A and let /LAB^X 

*=0i and4B2X = 02 

. . (p~o^ “"II3 ••• (1) 

(i) Let the equations of the 
lines bo y + and 

y=ni.2X-^C2 then tan0i=»wii 
and tan O2 =m2. 


From ( 1 ) tan 9>«=tan { 0 i ~ 62) 


tan tan flg 
1 + tan 01 tan Q2 


# 

• • 


tan tp 


1 

1 + mima 


( 1 ) 


(ii) Let the equations of the lines be aiir +612/+ ci—O 
and aiX +boy+ 02 ^= 0 . Writing the equations as 


rtl Cl j 
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vfQ soe that the m’s of the lines ai’o and 

()X 02 

Substituting these values in fortinila fl), we get 


taii 9 >=———^ 

_ , fli^Ci2 ft-j fig "i" b ^ b2 

^ M2 

From above it readily follows that 

. I rt 2 ^ I 2 

sm + 6 i‘'‘)(<X 2 ^ 4-^;./'*) 

rti 4- 6, /)., 

’’’~ J{ai'-‘'+bi‘}Ut.J‘+~b..--‘) 

'{iii) Let the equations of the lines he 
X cos tit+y sin at ”= 0 , 

and X cos 02+ U sin or2 - 7>2 = 0 . 


( 2 ) 


( 3 ) 


Since the angle between any two lines is equal or 
■supplementary to that between the two lines perpendicular 
to them, 

= — ctg Of ” (<*1 - ^2) ••• (4) 


Note. Between two straight lines there arc t'ft^o angles, one acute 
and the other obtuse. Hence in general ^ is acute or obtuse according 
as right side of (1) is positive or nagativo. In the fig. drawn, 
—but if tljo positions of .4Z?,, AB.j are interchanged, 
— 0|. Taking all these things into considerations, wo should 

•write 


. , , w,—w, , 

tan ^*=4- —- - and 
•“14-w,iUa 


^ fl I ~ a^ 0 1 
fljfly “4* 


•• (5) 


3'7. Condition of Parallelism of two lines. 

Two lines are parallel when the angle 9 between them is 
2 ero and hence tan 9 » 0 . 
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Hence the condition of parallelism of the lines 


y^miX + Cx and y^m2X-\rC2 is by Art. 3‘& 


mt - W2 
1 +WiWl2 


0 i.e. Wi - ma “O 


ie. mi-m2. (1) 

Similarly, the condition of paiallelism of the lines: 
aiX + biy + Ci’=‘0 and a2® + ^2l/ + C2 =0 is 6ia2-fcafli“0’ 
i.e. 


2i_ij 

82 b 


( 2 ) 




Note. From above it is clear that the equaticnis of two paralleV 
lines can be written as 

y — mx + Cx and 2 /=»»x+Cq, or ax + fojZ+Ci =0 and ax+by+c^ — Q.. 


Thus, we see if two linear equations in x, y differ only in their- 
constant terms^ theff represent a pair of parallel lines. 


3 8. Condition of perpendicularity of two lines. 

Two lines are perpendicular when the angle 9 between 
them is 90“ and hence tan 9) •= «>. 

Hence the condition of perpendicularity of the lines. 
y =miX + c± and y"‘m2X + C2 is by Art. 3*6 


P 


7Wl - m 2 

1 + ntim^ 


oc i.e. l + WiWa -0 


^ ti.e» m 1 m2 * (l-) 

Similarly, the condition of perpendicularity of' the lines- 
aia; + 6iy+ ci —0 and ^2®+ ^211 + ^2 —0 is 

8182 *t*bib2 * 0. ... (2) 


Mote. From above it is clear that the equations of two perpendicular 
lines can be written as 

ymx+Git andy«-^»+C4 or ox-h&y+Ci-0 and 
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B*9. Point of intersection of two lines. 


Let the equations of the two lines he 

a\x + bxy + c± = Q ... ( 1 ) 

a2X-¥b2y + C2^0 ... ( 2 ) 

If the lines intersect at any point, the co-ordinates of 
that point shall satisfy both the equations. Let {x\ y') be 
the co-ordinates of the common point. 

+Cl =0 ... ( 3 ). 

a2a;^+622/ =0 ... ( 4 ). 


by tlie rule of cross-multiplication, we have 


f 

JL 

b\C2 ” bi^c\ 


?/ . 


_1 


the co-ordinates of the common point are given by 


/ 

X = 


bjCa ~b2Ci 
flib2 “* 82bi 


tfiss - ■■■ 

aib 2 -a 2 b 


i, 

1 


Note. If — a,?), =0, then both a;', ?/'tend to 00 , so that the 
point of intersection of the lines (1) and (2) moves off to infinity and 

hence they become parallel. Thus Oii.j — a-i?;, =0, or^’=||‘ is the 

condition for the parallelism of two lines. [.4Z50 see Art. 3'fi]. 


3*10. Line through the intersection of two lines. 

Tlie equation of any line through the intersection of the 
two lines 

a\X-¥b\y •¥ ... (l) 

and a2a? + 621/+ C2 =0 ... (2) 

is a\X-^h^_y + c\ +A(aaa; + &2lf+ C2) = 0 ’*'( 3 ) 
w’here A is any arbitrary constant. 

Equation ( 3 ) being of the first degree represents a st. 
line. If {x\ y) be the i)oint of intersection of (1) and (2), 
then aia!' + 6i2/' + ci=*0 and a^x A-b^y and hence 

(x\ v) satisfy (3) i. e. the line ( 3 ) passes through the 
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intersection of (l) and (2\ Since the arbitrary constant X 
may be so chosen tliat (3) may fulfil any other condition, 
(3) represents any st. lino through the intersection of (1) 
and (2). 


Conversely, if the equation of any line can he put in the- 


form 


a\x-¥h\y + cx’\-1 (a2a; + 622 / + C2)*=0 


where A is any arbitrary constant, w'o conclude that it 
always passes through a fiaed point viz. the point of inter¬ 
section of the lines aiX + bxV + Cx “ 0 and aiX + b 2 V +C 2 "“O,. 
whatever be the value of A. 


Similarly, the equuiion X {axX + bxy + Ct) +l^ia^x + b^y 
+ C2)*“0 where A and// are any two arbitrary constants, 
represents any line through the intersection of the lines 
aiX + biV + Cx = 0 , a2X + h2y + C2’^0. 


Note Let bo the point of intersection of the lines (1)' 

and (2) ; then obtaining their values as in Art. 3*9 and substituting 
them in the equation y — yi —m{x — x^) [see Cor. Art. 5’5], where m is^ 
any arbitrary constant, the equation of the required line can also be 
obtained. 


3*11. Condition for concurrence of three lines. 


If the three lines a^x + b^y+ Ci^0, aQX + b 2 y +C2’“0 
and a^x ^ bsV + c^~0 pass through a common point, say 
{x', y ), then 

^ aix +biy' + Cx^0 ... ... (l), 

a2»' + &2i/' + C2 “0 ... ... (2), 

asx' + b3y +Ca=0 ... ... (3). 

Hence eliminating x\ y from (l), (2), (3), we get the-- 
required condition for the concurrence of three lines viz. 


81 b-i Cl 

82 ^2 C 2 

i 

^ 83 bs C 3 


“ 0 . 




STRAIGHT LINE 


30 


Alternative Condition 

If any three constants m, n can be found such that 

l(aiX + b,y-l'C,) + m(aaX'|'bjy«*Ca)*l’n(a,x+b3y+Ca)-0 (B> 

identically, then tlie above throe lines are concurrent. 
From the given relation we have 

+ ^a2/ + C3 “ - ^ {aiOc + biV + Cl) 

n 

- {aQX + h2!/+ (4) 

n 

If {x, y) he the point of intersection of first two lines 
tlicn ttiu/ + + Cl •■= 0, and a^x + h^y + C 2 = 0 

and lienee from (4) we get 

a^x +b^y + C2~ - ^ xQ - x 0 = 0 . 

n n 

The third line tlierefore passes through {x\ y'), the 
common point of the first two linos. 

Note 1. The above condition (/I) for the concurrence can aho he 
obtamed by substituting the co-ordinates of the point of intersection of 
the first two lines as given in Art. 3'S in the equation of the third line 
or thus : 

The equation of any line through the first two is 
a,x-f 6,?/+Ci -f X(aaa; + fe,y-f Cj) = 0 
or (rti + Xu.j)x + (61 -4- ^b^)y + {c I +Xca) = 0. 

This line will be identical with the third line 

aaX + b:iy+Cn=0 

for some value of X, if the third line passes through the point of 
intersection of the first two lines. 

comparing coefficients wc get 

a,-fXa, /i,+X6, c,-fcX, 

_L- —-= ' say. 

Oj Cj 

.*. ai + Xaa+/ia, = 0 , fti+Xba+Mbs^O, Ci4 Xca-h/xcj^O, whence 
eliminating X, fi, the requited condition for the cocurrence is obtained. 
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Note 2. The condition (A) can easily be deduced from condition (B) 
asfollom : 

Since the relation (B) is identically true, the coefficients of a;, y and 
the constant term must separately vanish. Hence we got 

a,i+aa*»+aan=0, 6ii + 6aW+6an = 0, c,Z+CaW+CaW-0 ; 
whence eliminating Z, m, n, the condition (A) is obtained. 

8*12. Condition of collinearity of three points. 

Let (iCi, ?/i), {x2r yz), {xq, ys) be thrjoe given points. If 


each of them lies on the line 

Ax +By +C’“0 ... (1), 

then i4a?j.+ C = 0 ... (2), 

Ax2+By2’^ C^O ... (3), 

Ax 2+ Bya + C^O ... (4). 

Eliminating A^ B, C from (2), (3), (4), we get tlie required 
condition to be 

Xi yi 1 =0. 

^ ... (5) 

*3 ys 1 


Note. The above condition is both necessary and sufficient Assunaing 
that relation (5) holds, we get on simplifying this determinantal 
relation and re-arranging the terms, 

or, 

Xj-aJa Xi-X, 

which showl that the ‘m’s of the two lines joining (X|, t/J to (x,, yA 
and to (x,, yA are the same both in magnitude and direction, which 
can happen only when the 3 points are collinear. Thus, the sufficiency 
of the condition is proved. 

3*13. Illustrative Examples. 

I 

Ex. 1. Find the equation of the line through {xx, yA 
(i) parallel to the line ax+by+e—O, 

(li) perpeizdiculardo the line ax+by+c»0. 
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0) Equation of any line parallel to the given line is ax + &^+%»0. 

Since it passes through (a;i, ^i), 

.*• aXx+byi+k — Q i.e. fc*—(axi+6^1)4 

Hence the reqd. equation of the line is 
ax+hy-{axx +byx) = 0. 
i.e. a(x-‘Xi) + b(y-~yi)>=0. 

Otherwise : Let the equation of the line through (Xj, y,) be 
^“ 2 /, =m(x-®,) ; since it is parallel to the given line whose ‘in' is 
— alb, m= —afh 

.*. the reqd. line is y — yi = ^ (x — *,)• 

i.e. a{x — x,) + h{y-yi)^0. 

(ii) Any lino perpendicular to the given line is 6x —n7/ + fc = 0. | 
Since it passes through (x,, 1 /,) 6X|-aVi+fc = 0 i.e. k=ayj—bxi ' 

the reqd. line is bx — ay+aiji —bx, =0, 

x-x, y-v, 
i.e. =' , - • .' 1 ' 

a b 

The above equation can also be obtained by assuming the equation 
through (xi, ^i) in the ‘m’ form as in (i) viz. y — yi-mix-Xx) and 
then introducing tho condition that this line and the given line are 
perp. i.e. mx{ — alb)— —1 i.e. vi = bla. Now substitute this value of m. 

Exr 2. Show that the equatimia of the lines which pass through 
iXi,yx) and are inclined at an angle <t> with the line ax-\-by-^c = Q is 


X 

Xx 

j a sin 0 + 6 cos 0 


y 

Vi 

b sin 0+a cos 0 


1 

1 

0 


= 0, 


Let the equation of the line be 

Ax+J3i/ + C*0, ... 

Since it passes through (xi, 2 / 1 ) 

Ax,+B.iyj + C=0. 

Since it makes an angle 0 with ax+ 62 /+C‘= 0 . 

sin 0 . . .Ab-Ba 

■ • -“ van 0 “ X 4 , o. • 

. cos 0 Aa-\-Bb 

A (a sin 0 + 6 cos 0) + jB(6 sin 0+a cos 0)“O 


( 1 ) 

( 2 ) 

(3) 


Eliminating A, B,C from (1), (2) and (3), tho reqd. result is 
obtained. 
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{ Ex. 3. Show that the perps. dropped from the vertices of a tr/iangle 
on the opposite sides are concurrent. 

Let A(xj, p,), B(Xi, y.t), C(xa, 1 / 3 ) bo the triangle. 

TheWofUCis 

Xt—Xg 

equation of the line through A perp. to BCis 
2 / — 2 /, =wi(x-a’i)*“(l) where 
m. =—l %.e. wt=— *• 

Substituting this value of m in (i). and simplifying, the equation of 
the perp. from A to BC, is. 

^3) ^ Z/iZ/i ”7/3) ^ 1 (®a “ ^*3) l/i (?/‘i “2/3) ”® (2) 

Similarly the perps. from B and C on opposite sides are 

x(x3-®J + 2/(l/3-2/x)-®a(«s-®i)-?/a(?/3-2/i) = 0 — (3) 

a:(x,-a;,) + 2/(y,-2/a)-ar3(xi-!r,)-2/.n(2/,+2/3) = 0 ... (4) 

On adding (2), (3), (4), we find that their sum vanishes identically. 
.’. by Art. 3'11 (here Z = »n = n = l), we conclude the three lines meet- 
in a point. 

Note. The point of concurrence is called the orthocentre of tho 
triangle. 


/ Ex. 4. Find the diagonals of the parallelogram whose sides are 

ax + fciy + c =0 ( 1 ), ax-\-h'y + c =0 ... ( 2 ), 

ax + 62 / + c' = 0 (3), a'x + b' 2 / + c’*=0 ... (4), 

and hence obtain the condition that they should be at right angles. 

Any line through (1) and (2) is 

ax + Z 32 /+ c-f A(a'x + 6 ^ 2 /+c) “ 0 . 

If it be a diagonal, it must pass through (a, |3) the point' of inter¬ 
section of (3), (4). 

fla +fcj3+c+A(a^a += 0. 

.’t .“•c'+c+X(“ c* + c) —0. ... (5) 

m 

since (a, |3) lying on ( 8 ) and (4) 

att + b^+c^*= 0 , a^a+ 6 ^j 8 +c* = 0 . 
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from (5), X=—1. ' 

the corresponding diagonal will be 

{a — a)x + {b — h')y^O. ... (6) 

Similarly, the other diagonal will be 

{a+a')x + {h + b')y + c + c =0. ... (7) 

Condition that (G) and (7) should be perp. is by Art. 3‘8 
(<i■“ ci'){(i-hCL') + {b — b ){b-i-h') — Of 
i.e. a“ + b'* = a''* + 6'’. 


Examples IIIA 

t 

1. Find tlic equation of tlio lino joining the iioints 

(i) (a cos a, a sin a), {a cos /3, a sin /?), 

(ii) 2a<i), 

(iii) (a cos <pi, h sin 9 >t), {a cos (p.^, b sin 93 . 2 ). 

2. Show that the equation 

ix-xxhj-y^) “ (x-x2){y-yi) 

represents the line joining Ui, j/i\ (x^, 2 / 2 )- 

3. Show that the eijuation of the line, the portion of 
which intercepted between the axes is bisected at (iCi, y^) is 


. ^ 

2a; 1 27/n 


= 1 . 


4. Calculate the angle included l)etvveen the lines 
(i) ax — by + c — 0, (a —6)a;-fo + 6)i/ + d = 0, 

(ii) X cos 55" - x + y sin 55" + >,/3 + 1 = 0, 

X sin 35 " — x + y cos 35" + ~ 1 ~ 0. 

5. If i4(a:i,i/i), B{x 2 , y^z), C(x 3 , 2 / 3 ) be tlie vertices 
of a triangle, show that the angle A is acute or obtuse 
according as 

{xi-x2){xi-x3) + {yi.-y 2 ) ( 2/1 - /y 3 ) is 
positive or negative. 
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6 . Show that the three lines 

X cos (a + ~ Jt) + 2/ sin (a + ^ •’*)“a, (r = 2, 4, 6) 
o d 

form an equilateral triangle. 

7. Find the equations of the line through (x\,y^ 
respectively perpendicular to 


4. I'll = 1 

a* 6" 

(ii) xx\ + yy^-¥g(x-^xy) +f{y + yi) + c = 0. 

8. Find the co-ordinates of the points of intersection 
of the following pair of lines 

« , a .a 

y^miX+ •2/“Wi2®+ ’ 

7n± t)i2 I 




X . V • 

- cos + r sin 

a 0 


h 


X y ■ ' 1 

cos <p + , sin gp “ 1. 
a 0 


9. Show that the lines (a + b)x + (a - h)ij — 2ab = 0, 
[a — h)x + (a + h)y - 2ah = 0, and x-¥y-0 form an 
isosceles triangle whose vertical angle is 2 tan~^ alb. 

IQ. Show that the equation of the line through (J;^ y) 
and 


(i) parallel to aa; + 6?/ + c “ 0 

is a: 2/ 1 I =0 

j a; 2/ 1 

I h “fl 0 

(ii) perpendicular to ax-^by c~0 


IS 


X 

/ 

X 

a 


V 

/ 

y 

b 


1 

1 

0 


0 


* 

11. Show that the perpendicular from the origin upon 
the join of {a cos a, a sin a), (a cos a sin j?) bisects it. 
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12. (i) Find the equation of the lino which passes 

through the point of intersection of the lines 3a; + - 7 “0 

and X —Ay+ 6*^0 and through the point (1, 1). 

I 

(ii) Show that the equation of the line through, 
(a, fi) and through the point of intersection of the lines 

aiX + biu ttiX + biV + Cit^O 

axxA*biy + Ci a>iX-\rb2V*’ C2 

. — es — ' - -• 

aia + 6ii3 + Ci (220 + ^^2/3 + Cg 

[C. U. 1943} 

13. Find the equation of the line joining the point of 
intersection of the lines 

a;4-3i/ + 2 = 0, 2a;-?/-3 = 0 
to the point of intersection of 

7a;-t/-3 = 0, 2a;-5y-15 = 0. 

14. Find the equation of the line which passes through' 
the point of intersection of 

(i) the lines 2a; - 3?y + 4 =* 0, 3a; + 4i/ — 6 ■» 0 and is 

perp. to the lino Qx^ly + S-0 ; [C. U. 1944] 

(ii) the lines a;- 2 / + l = 0, 3a; + y- 5 = 0 and is parallel 
to 7a; - 8 i/ +13 = 0 ; 

(hi) the lines 7a; + 13y-87“0, 5a;-8y + 7“0 and 
makes equal intercepts on the co-ordinate axes. 

15. Show that the equation to the line that passes, 
through the point of intersection of the lines 

axX + bxV + Cl = 0, a2a; + b^y + C 2 “ 0 
and is (i) parallel to the line a^x + 63 ^ + Cs *• 0 
aiX + hxV + Cx a.2X + bQy+c^. 

jg - - - n — - —-JC I 

dxb^ ct^ibx d'ib^ ““ ct^o^ 

(ii) perp. to the line as®+ 63 ^+ C 3 *0 

dxX + feiy+ Ct ^ h^x + b^yA -^ 

+ 6163 CLsCtsb 2 b^ 
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16..>(i) Prove that the three linee 2aj-7t/+10“0, 
■3a:-2f/-l«0 and a?-12i/ + 21 = 0 meet in a point. 

[C. U. 1943] 

(ii) Find for what value of k will the three lines 
^“2/ + 6 = 0, x + y -1^0, kx-y + 1S — 0 be concurrent. 

Find also the point of concurrence. 

17. If a + 6 + c = 0, show that the tliree lines 

ox + hjy + c“0, bx + cy +a^0, cx + ay + b^^O 
are concurrent. 

18. Show that the four linos 

ax + by + c = 0, (a + a')x + {b + b')y + (c + c) *= 0, 
a'x + b'y + c" = 0 , {a-a)x + (6~6')^/ + (c- c )*»0 
meet in a point 

19. If the three lines 

flx+ a^ 2 /+1 "*0, bx + b^y+ 1^0, cx + c^y + 1=0 

are concurrent, show that at least two of the three constants 
a, b, c are equal. 

20. In any triangle, show that 

(i) the medians are concurrent ; 

(ii) the lines drawn through the mid-points of the 
sides and perp. to them are concurrent. 

21. Show that the three points 

(fli, bi), (a2, b-z), (aa, 63) 
will be cotlinear if and only if the three lines 

diX + bip- 1“0, a2X + b2y-l = 0, dsx + bsp — O 
are concurrent. 

22. When the three points (iCi, 1/1), (x2, ya)f Vs) 
are collinear, show that the line of collinearity is given by 
a.ny of the three equivalent equations 


X' ' 

y 

1 

-“0. 

X 

y 1 

“0, 

X 

y 

1 

■0. 

Xx 

Vi 

1 


X2 

Va I 


Xa 

Va 

1 


X2 

y2 

1 


Xa 

Va 1 



Vi 

1 
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23. Prove that the points (a^bc-a^)^ (bfCa-b^), 
(c, ab — c^) are collinear and find the intercept on the axis 
of y by the line on which tliey lie. 

24. If the points (a, h), {a, b'}, [a - a\ b- b') are 

collinear show that their join ])asses through the origin 
and afj = a b. [C. U. lOSS] 


25. If the coefficients of x, y in the equation of a line 
vary, subject to the * condition that their sum is constant, 
show that the line passes through a fixed i)oint. 

26. If the variable co-efficients A, .m, i’ in the equation 
of tlie line Ar + ffy + r = 0 1)6 connected by a relation of the 
form ka + /ib+ rc“0, where a, b, c are constants, then the 
variable line always passes tlirough a fixed point. 

27. Show that the two sets of points 

(i) (0, V),(1. V).(-1,1) 

and (ii) (0, |), (2, - i). (if. 
lie on two lines which are mutually perpendicular. 


28. Find the co-ordinates of the middle points of three 
diagonals of the complete quadrilateral formed by the lines 

X y X y 

£C - 0, 1 / *= 0, ^ =1 and 1 and show that these 

points are collinear. [.CM, 1941] 


29. Find the equations of the diagonals of the parallelo¬ 
gram formed by the lines 

4a; - 5/y ~ 7 = 0, 4r - by -14 = 0, 

3i; + 7y-8*q, 3.r + 7?/- 12 = 0. 

30. Show that the diagonals of the parallelogram 
formed by the lines 

*+-*'-1, + ^ + ^-=2. f + J^.2 

a b ha abba 

,are at right angles. [C. U. l,959l 


31. Find- the equations of two lines through the point 
(3, - 1) which make 45* with 2® - j/ - 2 - 0. 
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32. (a) Find the orthocentre of the triangle whose sides 
are 

(i) 2a; + 32 / - 6 ■* 0 , 6a; - 2 / “ 18 * 0 , a; - 2 / - 2 « 0 ; 

0 

(W) y^mrx-^^ , (r-1, 2, 3); 

Wr 

{b) Find the ortbocentre of the triangles whose vertices 
are (3, 0), (0, 2), (4, 6 ). 

33. Find the area of the triangle whose sides are 

(i) a; + 2^ - 5 *= 0, a; - 2 / + 1 “ 0, 2a; + 1 / -7 = 0 ; 

(ii) 2 /-Wia; + Ci, 2 /“m 2 a; + C 2 , a: = 0 ; 

(iii) y^mxX-¥cx^ y = m2X + Cz^ y^msX + Ca. 

34* Show that the line joining the ])oints of intersection 
of two pairs of lines 

aia;+6i2/ + Ci“0 1 a3a; + 68?/ + C3-01 

a2X + b2y + C2™0 } a^x + b4,y + c^*^0) 

axX + b^y + Ci a2X + b2y + C2 


at 

61 

Ct 


a 2 

62 

Ca 

as 

hs 

Cs 


a>s 

bs 

Cs 

as. 

64 

C4 


<*4 

64 

Ci 


[To determine 1 in the equation of a»ij/ line through the first pair, use 
the condition that this line and the second pair are concumnU ] 

35. If il(ai, /?i), B(a 2 , j5a), C(a8, be four 

given points, prove that the locus of a variable point P 
which moves so as to satisfy the condition 

A-4 BP ± A CDP—const, 
consists of two right lines. 


3*14. Points on the same or opposite sides of a given 
line. 

Let the equation of the given line AB be ax'^hydrC’^0 
and let the co-ordinates of the given points P, Q be (a?t, Vi) 
and (a; 2 , Vs). 
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Suppose PQ cuts AB in J?, such that ^ • 

when P, Q are on the of AB, 


co-ordinates of B are 


m®? + ^ my 2 +”?/! 

m+n m+n 


[ Art, 2'5 ] 



Since R lies on AB. 


Im 3 r 2 + nxA ^ Jmvq+nyA 

\ m-¥n I m + n I 


from which we get 

nxx + hvx^c _ m, 
ax^+by^ + c n 

= a negative quantity. 


.*. aaJi + ij/i + c and ax 2 + hy^ + c have opposite ^gns. 
Similarly, when P, Q are on the same side of AB 


. .. T, mx2-'nxt m.V2-nyx v * . ^ *-i 

co-ordinates of It are-’-- L 2.5 J 

wi - n m-n 


Now, proceeding as before, it can be shown in this case 
that 

aX2'^by2+c n 

*=a positive quantity. 

.*. axx + hyx'^c and oaia + hy 2 +c have same signs. 

Thus, the two points (xi, y±) and {xi, y^) lie on the 
same or opposite sides of the line ax + hy + c^O according as 


4 
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the quantities axi + byi-irc and 0 x 2 ■^byz'^c have same or 
opposite signs. 

That side of the line ax + by + c^O is usually called 
positive, the co-ordinates of any point of which when 
substituted in aa? + + c make it positive, the other sicie, 

being called negative. If the constant ‘c’ in tl^e equation 
ax + few + c =* 0 is positive the origin (O, 0) is situated on 
the positive side of the line and if negative, on the nagative 
side. 

Cor. The point (xi, |/,) and the origin are on the same 
or opposite sides of the line ax + fey + c^O according as 
axi + hpi. +c and c have the same or opposite signs. 

3‘15. Length of the perpendicular. 

To find the length of the perpendicular dropped from a 
given point upon a given line. 

Let P be the given point 
and AB be the given line. Draw 
PN perp. on AB. 

(i) Lot the equation of the line 
he X cos a + V sin a — p"0 (1) 

Let OL be the perp. from 0 on 
this line, so that 0L*=p and 
LXOM^^a. 

Through P draw a line PQ 
parallel to the given line meeting 
OL produced in M and let OM^p\ 

A Q X Then the equation of PQ is by 
Art. 3*3 (C) 

X cos a-¥y sin a — " 0. 

Since it passes through {x\ y) 

a'cos o + 1 /'sin a -p'- 0. 
p'*• x'cos a + p'sin a. , 
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the reqd. length of the perpendicular 

PNML ^ OM — OL p ✓ 
cos a 4“ y' sin a - p .. (1) 

(ii) Let the equation of the' line be given in the 

form 

Ax + Bv + C - 0. 

J» I ■ ~ ... «. V _ 

Ijet us first express tlie equation in the form x cos a + 
sin a -y — O as in* Art. 3*4. Dividing the given equation 
i)y JA^ + B'^, we have 


A . . C 

^A‘^ + B'^^ JA'^ + B^ ’ 

so that cos a- sin a- 

-C 

the length of the perp. from ix', ij) on it 

Ax' + Byjf C 

Ta^b* 


( 2 ) 


Thus the length of the perpendicular from {x\ y) upon 
the line Ax-^By ■^€=•0 h obtained by substituting x and y 
for X and y in the left-side of the equation and dividing the 
result of substitution by the square root of the sum of the 
squares of the coefficients of x and y. 

Note 1. Sign of the perpendicular. 


From the :5g, it is clear that if P is on the other side of the line 
.flP, length of the perp. will be jp—p' i.c. — (®'cos a+7/'sin a—p). So 
ill the general expressions for the lengths of the perp. in (1) and (2) 
wo should attael^± signs before them. The following convention is 
usually adoped in'distinguishing the signs : 


If the equation be so written that the absolute term is positive, so 
that the origin is on the positive side of the line, the perp. from any 
point will be positive or negative according as the point is on the same 
.side of line or oh the opposite side. 
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r ■ Note 2. The Imgth of the perpendicular from the endin'upon- 
► 

4®+jBp+C = 0 is 

Note 8. Alternative methods of finding the length of the perpendi¬ 
cular are indicated in Ex. 1, Art. 3‘20. 

3'16. Bisectors of angles between two lines. 

Let the equations of the two lines AB-^ be 

r 

aiaj + fei^ + Ci=0 
and a 2 £c +fes?/+ C 2 **0 

the equations being so written that Ci and are botb 
positive. 



Since the bisectors are the locus of points such that the- 
magnitudes of the perps. from them on the two' lines are 
equal, if {x\ y) be the co-ordinates of any point P on the 
internal bisector A 0, then 

^ 1 - <Xga;^ + b^v +C 2 % 

^/aa* + ba“ * 

■ Since in this case {x\ y) and the origin are on* the same 
sides of both the lines AB^^ AB^^ the signs of both sides of 
( 1 ) are the saine. . [See Notes f, S of Art, 15\ 

Similarly, if (x\ y^) be the co-ordinates of any point Q on 
the external bisector 2), we have 

a-^x' -b h±y “b Cj _ a^x + h^y^ c% 

V«,^+6,* “ ,/oj’*+6,* 


1 ' 


( 3 ) 
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In this case, since (x\ 'y') and the origin are on opposite 
^ides of one of the two lin^ viz. AB^, the two sides of (2) 
Are of opposite signs. [See Notes 1\ 2 of Art. 15.] ' 

The relations (l) and (2) show that equations of the two 
4 )i 8 ectors are given by 

aiX4-biy4-Ci aaX+bgy+Cg 

^ai® + bi® “* >/aa*'^ba* ^ 

•(the upper sign being the bisector of the angle in which the 
•origin lies). 

Similarly, when the equations of the lines are 
X cos Cl + ^ sin aL ~ 2^1 “ 0, 

X cos a^+y sin 02 “ P 2 =0 
the equations of the bisectors are 

X cos tti+y sin ai -pi « ±(x cos Og + y sin Og-Pa)* 

Note. It can be easily verified that these two bisectors are per* 
fondioiilar to each other. 


3*17. Parametric Representation. 


When the co-ordinates of any point on a locus are 
expressed in terms of a single variable called a parameter^ 
they are called parametric co-ordinates. The two equations 
so obtained represent the locus and sometimes they are 
called parametric equations of the curve. The elimination 
of the parameter leads to the Cartesian equation. 

From the Note 1 of Art. 3’3(D), it is clear that any 
point on a straight line can be represented by 

x-=a+bt, y-c + dt (1) 

where ^ is a variable parameter. 


From ( 1 ), we have 


x — a 


b 


d 


This shows that the line (l) passes through (a, b) and its 
*m* is dib. 

Elimination of t between the two relations of (l) 
obviously leads to a first degree equation which represents a 
straight line. 
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3*18. Polar equation of a line. 


Let p be the length of the perp. ON from 0 on the given 

line A B and let Z. XON ** a. 

Let (r, d) be the polar co-ordi¬ 
nates of any point P on the line AB. 

From A OPN, p — ON 

= OP cos pON==r cos (5 - a). 

the polar equation of the- 
line AB is 

rco8(d-o)"p ... (1), 

where (p, a) are the polar co-ordi¬ 
nates of the foot of the perp. from the origin on the line. 



Note 1. The equation (1) can be immediately obtained by trans¬ 
forming the Cartesian equation x co-i a + y sin a—p = 0 into polar form 
by writing r cos 0 for x and r sin 6 for y. 


Note 2. The equation (1) is equivalent to 
r cos 6 cos a-br sin 0 sin a=p. 

Dividing by p and writing A for cos ajp and B for sin a/p, th& 
general equation of a line in polar co-ordinates can be written as 

“ ■A cos + B sin ... ••• (2) 


3*19. Polar equation of a line joining two points. 

Let (ri, bJ, (tz, B 2 ) be tlie co-ordinates of the given 
points B and (r, B) those of 
any point P on AB, 

Then AAOB’»AAOP+APOB 

I 

i,e, sin (Oi - 62 ) 

“irir sin (di - B) 

-b sin {B - B 2 ). 

, Dividing by irrira, we have 
the reqd. equation of the line is 

(^ 1 •" Qg ) „ ^ sin {B - 62 ) 
r n Vx 



• • s 


( 1 ) 
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Alternative Method. 

The polar equation of a line can be written as 
r~^ -B sin 0-^4 cos 0 «0. 

If it pass through (ri, 0i) and (r 2 , 02 ), we have 
r I ■' - B sin 0 1 - /t cos 0 1 * 0, 
r 2 ‘' - B sin 02 “ A cos 02 “0. 


Eliminating -B, — A, we have the reqd. equation 




y± 


-1 


sin 0 cos 0 ! = (). 
sin 0 1 cos 0 1 
r 2 ” ‘ sin 02 cos 02 
Forms (l) and (2) can easily he shown to be identical. 


-1 


( 2 ) 


3‘20. Illustrative Examples. 

Ex. 1. Fwd the length of the perp. from (*', y') on the line 
ax + by + c^O and the co-ordinates of the foot of the perp. 

Lot N{a, bo the foot of the perp. and let P be {x, y'). Then 
aa + 6;9+c = 0, and equation of PN. being the join of the two points is 


x'—a — 


( 1 ) 


Since PiV passes through (sc', ?/') and is perp. to az-*-by+c = 0, its 


equation is 


x — x'_y—y'^ 
a b 


[Art. 3'13 Ex. i] ... 


( 2 ) 


From (1) arid (2), 



y — ^_ox'■¥ by — fa a-bb /j) 
b~ a'"+6* 


nx' + by + c 


u say. 


a;'-a = aM, y'-^^ — bu. ••• ‘ (3) 

PN’ = (®' - a)’ + (?/' - /5)* = (a’ + &•). 

ija*-¥h* 

From (3), aw ; p^y'—hu. * 
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Ex. 2. Find the area of the triangle whose vertices are -4(aJi, 2 / 1 ) 
S(xa, pa), C(® 3 , Pa), using the relation area»i. basexaltitude. 

Let AD he the length of perp. from A on BC, 

Then A'>‘^BC.AD. 

Now, ^/{(«9“*s)® + ( 2 / 9 -ys)’>. ... (1) 

Equation of BC is • 

«ra-®3 yi-y% 

i.e. - ya)-y{xa -asa)+® 9 ?y»“ 0. 

.. ad -( 2 ) 

From (1) and (2), the reqd. result follows. 


Examples 111(B) 

1. Show that the origin and the point ( 1 , 2 ) are on 
opposite sides of the lino 2a; + 3?/ ~ 4 = 0. Find the point 
where the join of ( 0 , 0 ) to (l, 2 ) meets the line. 

2. Prove that the origin is inside tlie triangle whose 
vertices are (2, 1), (3, - 2). (- 4, -1). 

V'. 3. If pi, P 2 be the perpendiculars from the origin upon 
the lines x sin Q-^y cos 6 = sin 26 and x cos 6 - 1 / sin 6 
•=a cos 26, then 4pi*+p 2 * [C.U.] 

4. If 62 1 , ^ 2 , da be tbe distances of a certain point from 
the three lines x cos Cr + 2 / sin or “*Pri (r 1, 2, 3) 

then S(pi+ di) sin (02 “ oa) — 0 . 

. 5. Find the distance between the parallel lines 
3® + 4|y ~ 7 “ 0, 3a; + 4ji/ - 12»» 0. 

'i|» 

6 . Show that the perpendiculars dropped from any 
point on the line 9 a; — 13y * 6 upon the two lines 3 a; + 4y = 1 
and 24a; + 7y •* 11 are equal. . 

V^7. . Determine a point equally distant from iihe three 
lines 

X cos 30* + y sin 30" - 2, x cos 45" + y sin 45" ■* 2, 
a;* cos 60"+ y sin 60" •■ 2 . 
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8 . Prove that the four right lines 

a; cos a + y sin a—a: sin a+ cos a"“p 
X cos a + ^ sin a + p « 0, a; sin a - cos a "* p 
make up a square. 

[ Theperps, from the origin on the four lima are of the same length.} 

8 . Show that the quadrilateral formed by the four lines 
y^mx + aljl + m^, ymx + a 
y*=mx-aj y^^mx--a 

is a square or rhombus, according as mm = - 1 or 7 *^ - 1 . 

10. Find the equation of the line which lies mid-way 
botw'een the lines ax + hy + c^O, ax + hy‘¥c**^0. 

11. Find the distance from point (1, 2) to the line 
3® + p + 4 “ 0 measured parallel to the line 3a: — 4y + 8 + 0. 

12. Find the co-ordinates of the foot of the perp. let 
fall from (2,3) upon the line 4a: + 3|/“7"-0 and hence 
deduce the length of the perp. from the point on the line. 

18. Provo that the co-ordinates of the foot of the perp. 
from (a:i, 1 / 1 ) on the lino ax + by + c^O are 

bibx , «('»?/1 ~ bxj)^-' be 

14. Show that the feet of the perps. from the origin to 
the lines 

a; + p-4“0, a; + 5?/- 26-0, 15a; - 27?/- 424 = 0 

all lie on a line and find the equation of this line. 

15. Find the equations of the bisectors of the angles 
between the lines 3a: + 4?/ + 4 ■■ 0 and 5x + 12y + 4 = 0. 

16. Find the equations of the lines which pass through 
the origin and are equally inclined to the lines 

2a? + 3j/ — 5 0, 3a? + 2y - 7 = 0* 

17. Prove analytically that the internal and external 
bisectors of an angle are at right angles. 
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18. Find the internal bisectors of the angles of tho 

triangle whose sides are a; = 0, and 3® + 4y — 12 ■■ (> 

and show that they meet in a point. 

19. In any triangle, prove that 

(i) the three internal bisectors are concurrent ; 

(ii) two external bisectors and one internal bisector 
are concurrent. 

20. Find tbe in-centre of the triangle 
\, (i) whose sides are 

3® + 4?/ - 12 =" 0, 12® - 5i/ — 0, 4® + 32/ - 10 “ 0 ; 

(ii) whose vertices are (0, 0), (0, 3), (4, 0). 

21. If the, distances of a point from two fixed lines- 
X cos a + 2/ sin Vi = p and x cos ^ + 2/ sin jS = g are in a cons¬ 
tant ratio,' show thj^t the locus of the point is a line 
passing through the intersection of the given lines. 

22. Find the locus of the foot of the perp. from the point 

(a, 0) to the line ® - f 2 / + “ 0, where t varies. 

23. If p, q, r the lengths of the perps. from a point 
on the sides of a triangle be connected by a relation 
Ap +//g + I’r — 0, where A, 1^, r are constants, then the locua 
of the point is a line. 

V 24. The distance of the point (a, j8) from each of the two- 
lines through the origin is d. Prove that the equation of 
the lines is (fix-ayy =d‘^(x^+y^), 

25. The parametric co-ordinates of a point P are 

(cos t + s'm rt®, 2 /=*,a (cos i-sin i)®, 

where ^ is a variable parameter. Show that the locus of P 
is a line. 

' 26. Prove that x y represents a line^ 

p + gt P + Qt ^ 
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27. Show that the lines 

3! = aj + 6iS, ~Cl + (iis, 

a:*»a 2 + 62 t, d>zt 

are (i) parallel if h\(l^ - fegrii =0 ; 

(ii) perpendicular if 61^2 = 0 . 

28. (i) Show that the two lines 

k * . k' 

=* A cos 0 + B sin d, A cos 0 + B sin 0 are 
r r 

parallel. 

(ii) Verify that the two lines 

r cos (0 - a) = p and r sin (0 -- a) *= p' 
are perpendicular. 

29. Find the point of intei’section of the lines 

^ = cos 0 “ cos (0 - a), ^ = cos 0 - cos (0 - jS). 

30. Show that the three lines 

r cos (0 - ai) = pi, r cos (0 - a.^) = Psi cos (0 - a 3 )**P 3 
will bo concurrent, if and only if 


cos ai 

sin Oi 

V\ 

cos a 2 

sin 0 2 

P2 

cos a 3 

sin 03 

Pn 


31. A line moves so that the sum of the reciprocals of 
its intercepts on two axes is constant. Show that it passes 
through a fixed point. 

32. A line moves so that the algebraic sum of the perp. 
distances upon it from a number of fixed points is always 
>!ero. Show that it must always pass through a fixed 
point. 

[ Talce die egimtion of the line as x cos a+y sin 

33. Show that the locus of a point which moves in such 
a way that the difference of its distances from two fixed 
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mutually perp. lines is equal to its distadce from a fixed 
line, is a straight line. 

34. Find the locus of the foot of the perp. from the 
origin upon a line wiiich always passes through a given 
point (a, b). 

v‘ 35. A line passes through a fixed point (iCi, yi). Show 
that the equation of the locus of the middle point of it 
intercepted between the axes is 



CHAPTER IV 


TRANSFORMATION OF CO-ORDINATES 

4’1. The co-ordinates of a point depend upon the origin 
and the axes of co-ordinates chosen. A point being given 
in position, its co-ordinates with reference to one set of axes, 
will change as soon as a new set of axes are chosen. It is 
also evident that Uie equation of a curve will also change 
by such transformation. In the discussion of problems it 
is very aften found advantageous to change the origin or 
the directions of axes or both. Either of these processes is 
called a transformation of co-ordinates. The formulae for 
such transformation will be established in the following 
articles. 


4’2. Change of origin. 


To pass from one set of rectangular axes to a parallel set 
of rectangular axes passing through a new origin. 


Let OX, OY be the original axes and let OX\ OY* be 
new axes parallel to the original 
through the new origin O'. Pro- y • 
duce F'O' to meet OX in 21f, so 
that OM ■» a, MO* - jJ. I I 


Let an arbitrary point P have I 
co-ordinates (x, y) referred to the I 
original axes OX, OY and co- I 
ordinates (x*, y') referred to the I— 
new axes 0*X', 0'Y\ Draw PN ^ ^ 
porp. to OX meeting 0*X' in N*. Then 




X' 


N 


ON^x, 'NP^y, O'N'^x*, N*P^y\ 


0? - O^r» Oilf +- 0 Af + 0'at - a + ® . 


3/- - ilf 0'+ + y 


• ■ 
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Thus, to transfer the origin to the point (a, jS), the 
formula of transformation is 

x»x' + a, 

y-y'+i3. 

Note. Thus when the origin is transferred to (a,, |3), the frans* 
foirmsd equation of a curve is obtained by substituting x + aj y+P for x, y 
in the equation of the curve. 

< 

4'3. Change of directions of axes. 

To change the directions of axes without changing the 
origin, both systems of co-ordinates being rectangular. 

Let OX, OY be the original system of axes and OK', OY' 

be the new system 
through the same origin 
0 and let 6 be the angle 
through which the axes 
are turned so th it 

Let the co-ordinates 
of any arbitrary point P 
referred to the origi- 
■ginal axes OX, OF be (x, y) and let those referred to the new 
axes ox', OY' be {x', y'). 

Draw PM, PM' perp. to OX, OX' and M'N perp. to OX 
.and M'L perp, to PM. 

Then, OM^x, MP’^y, OM'=*x', PM'-y', 

Z LPsM' = 90“ - PM'L - Z LM'O - Z XOX' ^ d. 

X’~0M’^0N-MN>^0N-’L3T 
■» OM' cos $ “ PM' sin 6 
— cos d-y' sin 0. 

OM' sin 0 + PM' cos 0 
sin 0cos 6. 
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Thus, to turn the axes through an angle 0 (without 
change of origin), the formula of transformation is 

X ■= x' cos 0 - y' sin 0, 
y = x' sin 0+y' cos 0. 

Cor. When it is required to change the origin to (a, fi) 
«.S well as to turn the directions of axes througli an angle 
the formula of transformation will obviously be the combina¬ 
tion of the above two formulaj i.e. 

x — a + x' cos 0 - sin 0, 
y = ^ + x' sin 0 +cos 0. 

Note 1. This kind of transformation where both the systems of 
axes are rectangular is called orthogonal transformation. 

Note 2. Thus when the directions of axes are turned through an 
angle S, the transformed equation of a curve is obtained by substituting 
X cos $ — y sin 6 and j; sin +y cos 0 for a; and y in the equation of ihc 
curve. 

4*4. Illustrative Examples. 

»• 

Ex. 1. If the quantity ax'^ + 2hxy + hy" becomes a'x'* +2h'x'y'+b'y'* 
by orthogonal transformation without change of origin, prove that 
a+b^a'+b' and ab — h^=a'b' — h'‘^. 

By applying the formula for orthogonal transformation 

ax*-\r2hxy-\-hy'^ becomes 

=» a(x' cos d~~y' sin d)"* + 2/t (x' cos d-y' sin 6) 

x(®' sin d + ij COB <l) + 6(x' sin d+y' cos 6)* 
= a'x'^ + 2h'x'y' + b'y^, say 

where a' = a cos’ d + 2h cos 6 sin 0 +b sin* 0 ••• (1), 

6' = a sin* Q — 2h sin 0 cos 0 +b cos* 0 ••• (2), 

(cos* 0 — sin*0) —(a—6) cos 0 sin 0 ••• (3). 

Adding (1) and (2), we got a'+6'“a+6 

2a'« a (1+coa 20) + 2fc sin 20 + 7>(l—cos 20) 

“(a+6) + {27i sin 20 +(a—6) cos 20}. 

Similarly 2?>'"»(a+6) —{2h sin 20 + (a —6) oos 20}, 

2h'*»27i cos 20-(a-6) sin 20. 


• •• 


(4) 

(5) 
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From (4), (5) and (6), 

(a+i>)*—{2fc Bin 2e>+(a—6) coa 20}“ 

- {2ft COB 26 —(a—b) sin 26)* 
«4(a6-ft’). 

Hence the result. 

Ex 2. Find the angle through which the axes must be turned so that 
the expression ax*'\‘2hxy+by* may become an expression in which the 
term xy is absent. 

Let 6 be the reqd. angle. 

Then substituting x* cob 0-y' sin 6 for x and x' sin 6+y' cos 6 for y 
in the given expression, as above, we must have ft' i.e. coefficient 
of 2 x 2 /=0, 

i.e. ft(«os*0 —Bin’0)-(a —6) cos 6 sin 6 =0, 

i.e. 2ft cos 20-(a-6) sin 20 = 0, 

2ft 

i.e. tan 20= —, • 
a —0 



Examples IV 

1. Transform to parallel axes through the new origin 
(2,-4) the equations of the following curves 

(i) 2® + 32/ + 8 0 : 

(ii) + 2/* “ 4® + 8y -17 = D ; 

(iii) 32/® - 7® + 24y + 62 » 0 ; 

(iv) 6®® - 42/* - 20® - 322/ - 60 * 0. 

2. "Choose a new origin (a, /S) (retaining the directions 
of axes) so that the equation of the curve 

6 ® 2 /+ 2 /* + 26 ® - - 66 0 
may be converted into Ax'y' + By'* * 1. 

Also determine the actual values of A and B. 

3. The directions of the axes remaining the same, 

choose a new origin, such that the new co-ordinates of the 
pair of points whose -old co-ordinates are (6,13) and 
{- 3, 11) may be of the form (A, k) and ( ~ - k). 
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'4. Show how to change the origin (without altering the 
directions of axes) such that tlie two equations viz. 

+y^ - 12®- 61/+ 34 = 0, 
and +2/^ “ 10® —62/4-30 = 0 
may be transformed respectively into equations of the form : 

®* 4-2/^ 4-21®4-0 and +y^+2fix + 

Also work out the actual values of 1, //, v, 

5. In an orthogonal transformation without change of 
origin, if (®, y) be the co-ordinates of P referred to the old 
axes and (X, Y) its co-ordinates referred to the new, prove 
that 

x^+y^^X^ + Y\ 

6. Find the angle through which tlie axes may be 
turned so that the equation J3x + y — may be reduced 
to the form ® = A: ; also determine the value of k. 

7. (i) The equation x^-y^^a^ is transformed to 
xy = A:® by a change of rectangular axes ; find the inclination 
of the latter axes to the former and tlie value of A;*. 

8. Transform to axes inclined at 45® to the original axes 
the equation ®® -y^ ^ a}. 

[0. U. 1940] 

9. Verify that when the axes are turned through an 
angle of fthe origin remaining fixed), each of the following 
equations 

(i) 3®^ 4- 2xy 4- 2/* — 60 ; 

(ii) 7®® 4-3®2/4-42/* =11 
assumes the symbolic form Ax'* •+■ By'* = 1. 

10. The equation 3®* 4- 2xy + 3y* 18® - 22y 4- 60 = 0 

is transformed to 4®* 4-2y* = 1 when referred to rectangular 
axes through the point (2, 3). Find the . inclination of the 
latter axes to the former. 


5 


[C, U. 1945] 
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. 11. By triinsformitig to parallel axes through a properly 
chosen point [h, k) prove that the following equation can 
be reduced to one containing only terms of the second 
degree : 12a;’* - 10a;/y + + llo? - 6y + 2 = 0. 

[C. U, 1910] 

12. Provo that the value of in the equation 

aa;* + ^hxy + by^ + 2gx + 2fy + c = 0 remains unaffected by 
orthogonal transformation without chdnge of origin. 



CHAPTER V 


PAIR OF STRAIGHT LINES 

[IMPROPER CONIC ] 

\ 

5‘1. Homogeneous Quadratic Equation. 

The homogeneous quadratic equation ax^ +211X1/ + by ^ =0 
always I'epresents a pair of straight lines^ real or imaginary, 
through the origin, 

ax^+ 2hxy+ hy^ =0. ... (l) 

Multiplying this by a, we have 

a^x^ + 2ahxy + aby^ = 0, 
a^x'^ +2ahxy + h^y^ —{h^ ~-ab)y^ “O, 

{ax + hy]^ - {V {h'^ - ai^yl" = 0, 

{ax + hy+J h'^ — aby){ax + hy-~ Jh'^ — aby) «■ 0. 

Thus, the given equation is equivalent to 

ax + {h+ —ab)y ^0, ... (2) 

and ax + {h^ Jh^ -ab)y ... (3) 

-each of which obviously represents a line passing through 
the origin. 

The two lines (2), (3), form the locus of the equation (l)» 
for (l) is satisfied by the co-ordinates of all points which 
satisfy (2) and (3). 

The two lines will be real and different if /fc*>o6, real 
and coincident if h^ ^ah and imaginary if k^<. ah, ^ 


■or 

or 

or 
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\/ Alternative Method, 

Dividing both sides of the equation (l) by and 6, we 
have, 

OX h 




(4) 


• • 1 / 

Let mi, be the roots of this quadratic in * 

X 

Then (4) must bo equivalent to 

Thus the two lines represented by (4) i.e. by (l) are giveni 
by ♦ 


y y 

— Wi—O, and- -mo=0, 

X X 

i.e. y-MxX^Ot and i/-W2»“*0. 


Note 1. It should be noted that in this case 

by*+2hxy+ax^^b{y—m^x)(y—in^x). 

Note 2. An equation in which the .sum of indices of x and' y' 
of every term is the same is called a homogeneotts equation in x and y. 
If the sum of indices be two, it is called a homogeneous equation of 
second degree t if the sum of indices be three, it is called a homogeneous 
equation of and so on. Thus, 2x^ —3xy+6y*, &x*—3x'*y^ 

+ 6 x 2 /’+ 42 ^* are homogeneous equations of second and third degrees. 

Note 8. As above, it can be shown that a homogeneous equation of 
degree 3 represents three lines through the origin, one of degree 4,. 
repre^nts four lines through the origin and so on. 

V 5‘2. Angle between the lines ax^+2hxy 4- by^ ■■ 0. 

a®*+2feajy+ 6y^ *0. ... (1) 

Let the separate equations of the lines represented hy 
(1) be 

y“TOi® — 0, and y-m2®*0. ' 

Then, +2/i®y+ a®*“My”wti®)(y-wa®). ... (S) 
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equating coefficients of anda;i/, we get 


Wi + m% = 



a 

m^m2 = ^ • 


Let (p be the angle between the lines (2); then by Art. 
•3*6 we have 


tan V 


Wt — m2 ^ \/(wi +_WZ2)“ — 4miW2 
I+W1W2 I + W1W2 



2jh«-ab 



a+b 


Cop. 1. If h^’^ab, tanTJ^O and hence 9’ = 0. The 
angle between the lines is thus zero and since the two lines 
pass through the origin, the lines become coinicident in this 
•Case. 


Condition of coincidence of the lines is h’* = ah. 

Cor. 2. If a + 6 »= 0, tan 9? = «> and hence — and 
therefore the lines are perpendicular. 

.*. Condition (or perpendicnlarity of the lines is a + b=0. 

Thus, the two lines represented by ax®+■ 2/ia;y + “0 

•are perpendicular if the algebraic sum of the coefficients of 
of x^ and ?/® is zero. 

Mote 1. The lines will be real or imaginary according as <p is real 
■or imaginary i.e, according as h^> or <ah. 

Note 2. The above result can also be established by taking the 
:8eparate equations of the lines represented by (i) as 

liX+miy = 0, Zaa:+«ta2/“0.(ii) 

+2hxy+hy^ — {I iX+miy){l^x+iniy), 

Comparing coefficients, 

wiiW, *=>6, + “sah. 

If 0 be the angle between the lines (ii), then by Art. 3'6 
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Now, (laWi —iiWa)* “UiWI., 

= 4(fe’-a6). 

• • I •“ ~2 (xb 

and lili=a, Hence the result. 

5*8. Bisectors of angles between ax®+2hxy+by® = 01 

Let ax^ + 2hxy + by ^ 
= 0 represent the lines 
04, OB and let their 
separate equations be 
y -irixX^O, y-1712X^0. 

Then 

y‘‘ + 2 - xy + 

‘=(y‘‘mix){y-m2x). 
a 

7»i + W2 ” “ ^ ’ m^m2 “ ^ 

Let 00, OD be the internal and external bisectors of 
LAOB, 

* Let Z.4OX==0i, /.BOX=>02; then tan0i«=mi,. 
tan 02 = W 2 . 

Now ZX00= Z.X04 + LAOC = ZX04 + ILAOB 
= ZX04 +i(ZX0i?- ZX04) 

==i(X04 + ZX0B»i (Oi + 0a) 

Z. XOD = ZXOC+ZCOD = i« + i(0i + 02). since 
ZLCOD is a right angle. 

Hence if 0 be the angle which any bisector makes with 
the aj-axis i.e. if 0 “ Z XOG or Z XOD, then in either case 

tan 0j +ta D 02 ^ 

1-tan 01 tan 02 l-wiima. 



h 


tan 20“tan (0i + 02 ) 
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Let (a?, y) be the co-ordinates of any point P on either 


/ff 

bisector ; then tan 0 «= - • 

t oo 2 tan 6 

.. from (ij, - 7=tari26 = - “r '2«=^i 21 2 

' a-h l-tan'*0 I- 2 / I® 


^vh 
-y^ 

_ 2£cy 


x^~y^ _xy 
a-b ” h 


This, iKiinf* a relation between tlie co-ordinates of any 
point on either bisector, is the joint equation of the two 
bisectors. 

Note. It can be easily verified that those bisectors are at right 
angles. 


Alternative Method. 

Suppose ilio separate equations of the lines are 

// - myX = 0 and y - • • • (l) 

so that • + m2 = — Mijh and mivi^ ^aUt ••• (2) 

The equations of their bisectors are by Art. 3*16 

y- m\ X ^ ?/ — m 2 X 

Jl + mi" " ^l+mo- 

.*. their joint equation is 


f y-w,.r 


( y -mxx 

V - W2a: 1 

1 >/l + mi 


1 +mi® 

js/l+m2®J 

or 

{y 


0. 

1 + 

1 + V12 ^ 

or (l + ?a2 

^)(y®r 2?»ia;y + m\^x^) 



- + 2?»2®l/ + wia®a!®) = 0, 
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or (wi + W 2 )(a?® - y^) + - l)(wii - m 2 )xy"» 0 , 

or — 2/*) + 2(?7iiW2 - l)a;i/-*0, sincewi/^wa 

or “y(®"+ - lja:7/ = 0 by (2), 

2 2 

X XV 

nr - - - as 


5*4. Condition for a pair of lines. 

To find the condition that the general equation of the 
second degree 

ax^+ 2]bxy+ by^+2gx+ 2fy + c = 0 ... (l) 

may represent two straight lines. 

If the left side of the above equation breaks up into two 
factors each of tlie first degree in x, y, then it will represent 
two lines. 

Treating the equation as a quadratic in x and supppaing 
Ot^O, we have 

ax^ ■¥ 9i{hy + g)x + {by ^ + 2fy + c) = 0 . 

. -2(% + flr)± J4:{}iy + g)^-4:a(by^ + 9fy+c) 


Cancelling 2 from numerator and denominator, multiply¬ 
ing cross-wise and transposing, we get 

ax-^hy + g^ ± J{hy + < 7 )— a{by + 2fy + c) 

± \/y^(h^-ab) + 2y(gh-af) + g‘‘‘-ac ••* ( 2 ) 

Unless the right-side of (2) is the form ±(Zy + m), the 
left-side of the given equation cannot be resolved into two 
■ factors. The condition for this is that the expression under 
radical in ( 2 ) must be a perfect square i.e. 

Mgh -a/y 4:(h^ - ab)(g ^ -ac), 

i.e. g^k^ ~2afgh + a^f^ =^g^h^ '-dbg^ ^ach^ +a^bct 


i.e. abc+ 2 fgh-af®-bg*-ch® — 0 . 


(A) 


• • • 
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The above condition can be written in the form 


h b 
I g * 


g| 

/ I 

f 1 

c I 


= 0 . 



Note 1. Tho above condition is both necessary and sufficient. 

We have proved that the condition is necessary. Now if we start with 
the relation (A), we find’that tho exp. under the radical on the right 
side of (2) is a perf^t square i.c. is of the form ±{ly + in). Therefore 
left side of (1) is resolvable into two linear factors and hence equation (1) 
represents two lines. Thus tho condition is sufficient. 

Note 2. Ill tho above proof we have assumed that a^O and have 
solved the equation for ,c. If a = 0 and h^O, we shall solve it for y and 
proceed exactly in tho same way and got the condition 2fyh — bg^—ch'^ 
>=0, which is in fact the same as condition (A), because here a = 0. 
If however a = 6=0. then wo proceed as follows. 

The given equation (1) being divided by 2/i, takes the form 


i.e. 




fq c _2f(/h — ch 
h'^ 2h~ 2/1'" 


2 


This evidently can represent a pair of lines when and only when the 
eight side is zero ^.^J. 2fgh-ch^ = 0^ which evidently is the same as the 
condition (A), because here a — b — O. 

Note 3. The quantity on tho loft side of (A) is called the Discrimi¬ 
nant of the given equation. 


5*5. On the lines represented by 

ax® + 2hxy + by® + 2gx+2f y + c = 0. 

Suppose ax~ + 2hxy + by ^ + %jx + 2fy + c 

■“ {lx + my + n){l'x + m!y + n) • • • (1) 

then U' a, mvi =® fe, nn “ c, Im' + l!,m 2/t, 
mn + m'n — 2 /, nl' + nl = 2(j. 


(2) 
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(i) Angle between the lines. 

If 9? be the angle between these lines 
Intf — I'm 

^ ll' + mm U' + mm' 

« 2 \//i 

a + b ••• ( 3 ) 

Since angle between the lines ax^ + ^hxy + t?y“ =* 0 is also 
the same as ( 3 ), [Art. 5 ' 2 ], if follows, the lines represented 
by ax^+2hxy+ hy^ ■¥2gx + 2fy+ 6 = 0 
are parallel to the lines 

ax^ + 2hxy + hy“ = 0. 

(ii) Condition for perpendicularity of the lines. 

The lines will l)e perp. if ll' + mm' = 0, i.e. if a + h = 0. 
This also follows from ( 3 ). Hence the given equation 
represents a pair of perpendicular lines if A =0 and 
a + 6 = 0. 


(iii) Condition for parallelism of the lines. 

I. m 


Tlie lines will be parallel if 


m 


, i.e. hii — l'm = Q, 


i.e. if {Im'+ l'mV — 2ll'mm'= 0, if 6^—«6 = 0. This also 
follows from (3). Hence the given equation represents a 
pair of parallel lines i/ A = 0 and h^ =ah. 

(v) Condition for coincidence of the lines. 


The lines will be coincident if L =* 

L m n 

i.e. if lm'-l'm = 0, mn -m'n = 0, 7il'-n'l = 0, 
i.e. if h^-ab = 0, /*-6c = 0, g^-ac = 0. 

In sucli a case, the given equation becomes a perfect 
square. Hence the given equation will represent a pair of 
coincident lines if 

A “0 and- 6c = 0, - ca = 0,/i® - a6 " 0. 
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(vi) Point ol intersection of the lines. 

Let (a, jS) be the point of intersection of the lines. 
Transferring the origin to (a, jS), keeping the directions of 
axes unchanged, the given ecjuation by Art. 4‘2 becomes 

a(x + a)^ + 2/t(.T + a){y + ^) + b{.ij + 

+ ^g{x + a) + 2f{y + jS) + c = 0, 
or ax^ + 2hxu + by^ + 2x{aa + + g) + 2y{1ia + hfi +/) 

+ aa^ + 2hafi+ .=0 '•* (l) 

Since (l) now represents a i)air of lines through the origin 
the left side must he a homogeneous (piadriiiic in jr, y, i.e. 
must ho reduced to the form + 2//-.^?/+ 6?/^ = 0, which 
requires that the coefficients of x, y and tlie constant term 
be zei’o. 


from which we get 


(la + /i/i + = 0 

ha + 0, 


a ^ 1 

hf — bg gh — af ab - h ** 

hf-bo’ gh-af 

^ ab — Jr ab - 

or, in tlie notation of co-factors (Art. I'?'), 


a “ 




F 

0 


Alternative Method. 

Suppose ax’ + 2hxy + hjd + 2(7x + 2/?/+c 

^{lx+viy+n){l'x+m'y+n'). ... (1) 

This relation being true for all values of x and y^ it must admit of 
partial differentiation w. r. t. each of the two variables x and y. So 
we have 

2{ax+hy+g)~l'{lx+my+n) + l{Vx+m'y + F), ... (2) 

and 2{hx+by+f)>=m'{lx+my+n)+m(Vx+m'y+n'). ... (3) 





76 


CO-ORDINATE GEOMETRY 


Lot (a, /3) be the point of intersection of the linos represented by 
the general equation. 

. la+m^+n=0, Va+ni^+n' — 0. 

Substituting a, for x, y in (2), (3), we got 

afi + hfi+g=Q ... ••• (5) 

7to + 6j8+/=0. ... ••• (6) 

From these two equations we get (a, j3) as before. 

Note. From above wo see that if /(a;, y) be the equation of two 
linos, the point of intorsection would be obtainod by solving the 

equations 

(vii) Bisectors of the lines. 

Let (a, p) be tlie point of intersection of the given lines. 
Eeferred to parallel axes through (a, /3), as origin, the 
equation of tho given lines reduces to the homogeneous form 

ax^ + ^hxy + hy^ ^0 
of which tho bisectors are given by 

a - b h 

Keverting now to the old jixes, this equation becomes 

(x - a)^ -(y- PV _ U “ a)(u “ P). 
a —b h 

which is the required equation of tho bisectors of tho given 
lines. 

Note. It should be noted that with reference to the now origin, 
the co-ordinates of the old origin arc (-a, —p). 

^ 5*6. A special pair of lines. 

To find the equation of the lines joining the origin to the 
points of intersection of the curve 

+ + 2 ( 7 a; + 2/y + c®*0 (l) 

with the line lx + my + n =* 0 (2). 
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Make the first equation homogeneous •with the help of 
the second equation written in the form 

lx + my _ _ 2 
n 

and we get 

OJ,* + ^hxy + bv^ - 2W +/J,). - 0 (3> 

n \ n I 

as the reqd. equation. 

On simplification, this equation assumes tlie form 

Px^ + 2Qxy + Ry^ = 0. 

The equation (3) being a homogeneous second degree 
equation represents a pair of lines through the origin. More¬ 
over, it is satisfied by the co-ordinates of the points whose 
co-ordinates satisfy equations (l) and (2) i.e. of the points- 
where the line (2) cuts the curve (1). 

5*7. Illustrative Examples. 

Ex. 1. Show that the equation 

2x^-xy—'fp-‘ldx+ly+8 = 0 

represents two straight lines ; find their point of in^section and the 
angle hetvxen them. 

The given equation can be written as 

2aj’* — a5(^+10) - ( 2 /® — 7y — 8) = 0. 

Solving it as a quadratic in x, we get 

(?/+10)± ^/G/+i6)"+W-7^/-8) 

^ . ■ 

4t " 2 

Hence the factors of the left side of the equation are 
oj-y—1 and 2ajHhy-8. 

the given equation represents the two straight lines x—y— 
and 2*+y—8»0. 
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Solving 05 — 2 /—1=0 and 2x+y —8 = 0, we easily get »=3, y=2for 
the point of intersection. 

By Art. 3‘6, the angle between them is tan'^ 3. 

Ex. 2. Fiiid the values ofXso that the equation 
12x'*+Xxj^ + 2y’ +llX”5/y + 2 = 0 

may represent two lines. [C. U. 1939] 

Comparing the given equation with the. general equation of the 
second degree, we have 

a=12, 6 = 2, c = 2, = g = 

Now, applying the criterion abc + 2fgh — af^ — bg^ — ch^=0, 

' u AO TK 121 h^ _ 

w'e have 48— 75 — -7,- —=0, 

4 2 2 

or 2X’‘ + 55X+350=0. (X+10)(2X + 35)=0. .*. X=-10,-V’. • 

Ex. 3. Find the condition that one of the lines ax*+2/ixi/+6^’ =0 
may conicide with one of the lines a'x^ + 2h'xy + Fy‘^ = 0. 

The given equations can be written as 

iiy - (i)*>'(i)’+2h'(^)+a'=o.... (2) 

Let y—mx = 0 be the equation of the line which is common to both 
pairs ; then y—mx must be a factor of the left side of (1) and,(2) and 
hence m { — ylx) must be a root of both the equations (1) and (2). 

6w*+2hm+a=0 ... ... (3) 

6m®+2h'?n+a' = 0. ... ... ( 4 ) 

From*(3) and (4), by the rule of Cross-Multiplication, 

w’ 1_ 

2(7ia' — h'a) ab' — a'b ~ 2(bh' — b'hY 

ha'—h’a_ ,_[ ah' —a'b 1’ 

• • bh'-Th ^ l2l6A'-6'fcJ 

Hence the reqd. condition is 

(a6'-fl'6)* -4(/w'-7t'a)(6h'- b'h). 

' Ex. 4. Prove that the equation 

w(x* - 3®^*)+27* - 3®*^ = 0 
represenJts three lines equally inclined to one another. 
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Let J7=» tan 6 be any line of the system, so that 0 is the inclina¬ 
tion of the line to the x-axis. Substituting x tan 6 for y in the given 
equation, wo have 

m (1-3 tan- 0) + tan» 0-3 tan S.-=0 ... (1) 

which is a cubic equation in tan 6, giving the inclination of the 
three lines to the x-axis. 


■a i. 3 tan 0 —tan*0 , 

Prom (1), \vc get iiis=- . ... =tan 30. 

1 *** O itOill u 


Let »n = tan ?.a, where o has the smallest possible positive \alue. 
Then, tan 30 = tan 3a 

.*. 30=n7r+3a, or 0 = ;\u7r-f-a. 

Giving n the \alnes 0, 2, 4, in succession, wc have 

0 = a, 120“ +a, 240“ +a 

which give the inclinations of the three lines to the x-axis, their 
mutual inclinations being 120'*. 

Hence these linos arc equally inclined to each other. 


Note. It ihonld be noted that for any other value of n, no new 
line will be obtained. 


Examples V 

1. Find the heiweeu tlio following pair of lines 
(i) 32’" - 142// - Sj/*'* = 0 ; 

'^'(ii) “ 22 // SCO a + y~ —0 ; 

v^iii) 2" — 227/ cot 0 - 7/^ = 0. 

2. Find, the equations of the bisectors of the angles 
between the lines 

V' (i) ( 2 * + 7 /^) sin a + 2xy cot a = 0 ; 

(ii) a‘^(x + yy^ +b^(x- y)^ +c^{x^ - y^) = 0. 

3. Prove that the lines 

y^ - Axy - 2 ® = 0 and 3 /* -I* 21 / - 2 *^ ■■ 0 , 
bisect the angles between one another. 
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4. Show that the equation of the lines bisecting the 
angles between the bisectors of the pair of lines 

ax^ + 2hxy + by^ — 0 

is {a-b){x^ ~~y^) + Ahxy’=*0. 

vi 5. Show that the angle between one of the lines 

ax^-^^hxy+ by^—0 

and one of the lines 

{a - A)ic® + ^hxy + (6 - A)?y® — 0 

is equal to the angle between the other two lines of the 
system. [C. U* i954] 

6. If the pair of lines 

- ^axy - 2/^=0 and x^ - ^bxy -y^ =0 

be such that each pair bisects the angle between the other 
pair, prove that a6 +1 = 0. 

7. Show that the pair of linos 

p^x'^ + 2r(p + Q)xy + q^y^ =* 0 
is equally inclined to the pair 

px^ + 2rxy + qy^ * 0. 

8. Show that the product of the perpendiculars from 
y') on the lines ax^ + 2hxy + by^ ’=0 

• ’\^hx'y'j^ by^ 

J{a^'bj^+h^ 

•' 9. Show that the pair of linos ax^ + 2hxy + by^ — 0 
is perpendicular to the pair bx‘ - Zhxy + o^* ” 0. 

[C. U. 1935] 

10. Find the equation of two lines through, the origin 
I)erpendicular to the lines 

607* “7a;y-3y* —0. 

11. Find the condition that one of the lines 

007* + 2feo7y + * =* 0 

may be peri)endicular to one of the lines 

a + 2)1 xy + 6'^ * “ 0. 
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'v 12. Show that the triangle formed by the lines 

oaj* + 2kxy + ** 0 and Ix + my^l 

is right-angled if (a + + 2hlm + bm^) “ 0 . 

>.'13. (i) Find the area of the triangle formed by the lines 
2a!~i/-6-»0 and 3a:® - 4®!/ + ^® -0. 

' '(ii) Show that the area of the triangle formed by the 
lines a®®+ 2 fea:y+ = 0 , and f®+ w|/*=l, 

_ Jh^^ ab 

am'^ - 2hlm + bl^ 

14. Prove that the line ax + by + c^^O and the two lines 
(a® + 6 ?/)® - 3(o?y - b®)® ■= 0 form the sides of an equilateral 
triangle. 

15, Show that 2 /® - ®® + dxyiy - ®) = 0 represents three 

lines equally inclined to one another. [G. U. 1946\ 

[ The lines are y-x, 2 /=( — 2+ n/S)®, j/=(- 2- tjB)x ; show that ike 
obtuse angle between each •gmr is 120°. ] 

' 16. Show that each of the following equations represents 
two lines ; find also thier point of intersection and the angle 
between them : 

(i) 6®®-5®y + 2 /® + 17®-72/ + 12 = 0. 

'' (ii) ®® “ y® “ 2 ® + 62 / - 8 = 0 . 

(iii) 2®® + 3®y + y® + 5® + 2y - 3 = 0. 

V (iv) 2y* + 3®y “ 5y - 6 ® + 2 ** 0. 

" 17. Find the value of A so that the following equations 
may represent two lines 

" (i) 2®® + 3®y - 2y® + 7® + y + A •» 0 . ’ ^ ^ 

(ii) ®® + A®y - 2y* + 3y - 1 *• 0. t ^ 

18; (i) Prove that ® ® + 6 ®y + 9y ® 4- 4® + 12y - 5 -»0 repre¬ 
sents two parallel lines. [C. U. 1937,1944] 

(ii) Show that 6 ®® - 5®y - 6 y ® +14® + 6 y + 4 ■■ 0 repre¬ 
sents a pair of perpendicular lines. [C. U. J943] 

6 
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(iii) Prove that 4aj* - Axy + y^ + Qx-Ay+ 3^0 repre¬ 
sents a pair of parallel lines and find the distance between 
them. 

(iv) Show that x^ - Axy + 4y * + 2a; - +1« 0 repre¬ 

sents a pair of coincident lines. 

19. Show that 

(ab - h^)(ax^ + 2hxy + by^ + 2gx + 2fy) + ap +bg^ - 2fgh 
~ 0 represents a pair of straight lines. 

20. If ax^ + ^Jixy -4* by^ + 2gia; + 2/j/ + c =* 0 represents two 
intersecting lines, the distance of their point of intersection 

■ 

from the origin is 
where J3 = ca-g^, C^ab-h^. 

21. Show that the equation 

ax^ + 2hxy + hy^ + 2gj; + 2/g + c — 0 

represents two parallel lines if ^ j ^ when 

these conditions are satisfied, the distance between them 



22. Show that x^ + 4:xy + 4iy^ -• 5a; — lOg + 4 = 0 and 
4a;* - 4a;g + ?y* + 4a; - 2g - 3 = 0 represent straight lines 
which form a parallelogram. 

23t Show that the four lines represented by 
(g-wa;)* =a*(l + w*) 

(y - nxY “ a*(l + w*) 

form a rhombus. 

Ir 

24. Show that the 4 lines given by 12a;* +7a;v - 12g* =0 
and 12a;* + Ixy - 12g* - a; + 72/-l*0 form the sides of a 
square. 

25. Find the equations of the bisectors of the angles 
between the two lines 6a;* + Ixy - 6g* - 22a; - 41g - 8 -■ 0. 




A-\-B 

—I 

C 
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26. Prove that the pair of lines 6a;® + a?/ —122/* — 14a; 
+ 472/ — 40 •“ 0 are equally inclined to the pair 

14a* + a2/ - 42/* • 30a + 15y — 0. 

'> 27. Prove that the angle between the lines joining the 
origin to the intersections of the line y 3a + 2 with the curve 

q /q 

a* +2a2/ + 32/* + 4a + 82/—11 = 0 is tan“'“-„—• 

o 

[C. O. 1945] 

28. Find the condition that the fines joining the origin 
to the points wliere the lino lx + viy = n meets tJie curve 
aa* + 2hxy + ?;//* + 2 < 7 a + 2fy + c = 0 may bo* at right angles. 

[C. U. 1935] 


29. Find the value of k so that the lines which join the 
origin to the points of intersection of the line y — x — k^O 
and the curve a* ++ 4a ~ 6?/— 36 = 0 may be at right 
angles. 


30. Show that there are two lines joining the origin to 
the points oi intersection of the curves, 

ax“ + 2hxy + by^ + 2gx — 0 
and a + 2h'xy + b'y^ + 2g'x = 0 

and they will be at right angles if ^ ~ • 



CHAPTEB VI 


CIRCLE 


6*1. Standard Equation. 

To find the equation of a circle tohose radius is a and 
whose centre is taken asdhe origin of co-ordinate axes. 



Let (a?, y) be the co-ordinates of 
any point P on the circle. 

Then, OP^—a^. 

.*. x“+y®-a*. 

This, being the relation connecting 
the co-ordinates of any point on the 
circle, is the equation of the circle. 


6*2. General Equation. 


To find the, equation of a circle whose centre is (a, fi) and 
whose radius is r. 


Let C(a, be the centre of the circle and P be any 
point on the circle whose co¬ 
ordinates are (x, y). Y | 

Then, 

.by Art. 2*4, 

(x-«)* + (y-^)“-r«. ..,(1) 

On simplifying the equation 
(l) reduces to 

a;* + y* “ 2aaj — 2^y + 

+ i8*-r®-0,. o 

which is of the form 

x*+y*+2gx+2fy+c-0. — (2) 

So (2) is very often taken as the general equation of a 
^circle.* 
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6*3. Locus of x*+y®+2gx+2fy + c-»0. 

To prove that the equation 

+y*+ 2 gfir + 2/y+c = 0 ••• (1) 

always represents a circle and to find its centre and radius* 

• The given equation can be written as 

(a* + 2flr® + gf*) + (l/* + 2/1/+/2) -gf*+/* -c, 

or (ir + g)^+( 2 /+/)^-fif*+/^-c, ••• (2) 

or Ja;-(-g)P+ { 2 /-(-/)}*“{ J({7 ®"+/2-c)p. (3) 

This shows that the equation is the locus of a point 
such that its distance from the fixed point (“^i—/) is 
constant, being equal to J gr* +f^-~c. 

Hence) the equation represents a circle^ 
whose centre is 

and radius is -/g^+p-c: 

If gf® +/^ — c < 0, the radius which = /s/g® +/® — c becomes 
imaginary. Hence the condition that the above equation 
should represent a real circle is </’* +/* - c < 0. Thus we 
see that the reality of coefficients in the equation of a circle 
does not necessarily imply the reality of the circle. 

Note 1. In the limiting case when 9 ^ +/’ -csQ, the radius of the 
circle being zero, the circle reduces to a point vis. the centre. In such 
a case, the circle is called a point-cirele. The equation (2) in this 
case becomes 

(ac+g )*+(!/+/)»=0 

which is only satisfied by (—g, —/), the co-ordinates of the centre. 

Similarly the standard equation reduces to a point-circle 
when a«0. * 

Note 2. The three independent constants g, /, c in the general 
equation of a circle signify that a circle can be found to satisfy only 
three independent geometrical conditions vis. those of passing through 
3 points. 
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6*4. Condition for a eircle. 

To find the condition that the general equation of the 
second degree 

aa;® + 2fe£C2/++ 2/i/+ C'«0 (l) 

should represent a circle. 

Comparing (1) with the general equation of the circle 

viz. + 2 /^+2fifa; + 2/y + C“0, 

which on being multiplied by any constant k may as well 
be written in the form 

kx^ + ky^ + 2g'x + 2/y + c' 0 

(where g' = gk, / c •« ck). 

we conclude that the general equation of the second degree 
will represent a circle if a " b and h 0, 

i. e. if the coefficients of and be the same and coefficient 
of xy be zero. 


Cor. Thus, we see that the equation 

a(x^ + y^) + 2ga; + 2fy + c ■= 0 

also aUvays represents a circle. Its centre and radius 
can easily be found as in Art. 6’3 by first dividing the 
equation by a. 


6*5. Position of a point in relation to a circle. 

The point {x±, j/i) lies outside, upon or inside the circle 
a;* + 1 /® - a® ■■ 0 according as 
^ ” a* > “ or <0. 

Let P be the point y^) and C(0, 0) the centre. 

Then PC®-a!i®+^ 1 ®^. 

Now P lies outside, upon or inside 
the circle 

according as PC > ■ < its radius, 
ue, „ „ PC® > • • < (radius)®, 

aJi® +^ 1 ® > •* < a®, 

i.e, according'as a;i® > ■■ or < 0. 
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Similarly it can be shown that the (a;i, i/i) lies 
outside, upon or inside the circle 

+ 1 /^ + 2gx + 2fy + c — 0 

according as a?i ^ + i/i ^ + 2gxx + WV\ + c > — or <0. 

For, in this case, PC® “(iCi +g)® +(i/i +/)®, 
and (radius)® “g® +/® -c, 

6'6. Intersection tof a line and a circle. 

To find the points of intersection of the line 

y^mx+c ... ... (1) 

with the circle x^ + ^a^. ... ... (2) 

The abscissa3 of the common points of intersection will 
be the roots of the quadratic in x obtained by eliminating y 
between the equations (1) and (2). 

Substituting the value of y from (1) in (2), we get 
aj® +(mic + c)® “fl®, 

or (1 + w®)£c®+2t»ca; + c® - a® *=0. ... (3) 

Similarly, eliminating x between (1) and (2), the quadratic 
in y giving the ordinates of the common points is found to 



or (l + w®)g®-2ci/ + c®-a®m®*=0. ... (4) 

From (3), it is clear that a st. line intersects a circle in 
two points, real, coincident or imaginary, according as the 
roots of (3) are real, coincident, or imaginary, 

i.e. according as 

(2mc)®-4(l + m®J(c®-a®) is positive, zero or neg. 
Le. according as 

a®(l + w®)--c® is positive, zero or negative, 
i.e. according as c® < —or > a®(l+m®). 

„ numerically, c < = > a ^/l+w® 
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i.e., according as the length of the perpendicular from the 
centre upon the line is numerically less than, eqtial to, or 
greater than the radius of the circle,. 

Note. The points of intersection of the line and the 

circle *’+j^* + 9pa;+5/l^+c=.0 can be obtained exactly in the same 
way. 


6*7. Tangent at a point. 

To find the equation of the tangent at the point (xx, Vx) 
to the circle 

(i) ; 

(ii) x^+y^+ 2gx + 2fy + c^0. 

Let P be the given point (xi, yx) 
and let Qix^, y^) be a point on the 
circle very close to P. 

The equation to PQ is 

... ( 1 ) 

' Xx~~X2 

(0 Since {xxt Vx) (aJs* Vz) li© on the circle re* + 2 /* - a*, 
oji*+ 2 ^ 1 *-a*-a? 2 *+ 2 / 2 **. 
or, a?!*-a; 2 *+ 2 / 1 * “ 2 / 2 * *“0, 
or,** (aJi -a?2X«i +iCa)“ -(2/1 “ 2/2X2/! +2/2)- 



2/ 1-2/2 -- «®l+.®2. 
«i-«a 2/1+ 2/2 


By ( 2 ), the equation (1) becomes 


v-vi“ 

2/1 +2/a 


or, (x - Xi)(xi + « 2 ) + (y - 2/ iXVx + 2 / 2 ) • 0, 
which is the eqttation of the chord PQ, 



.. ( 8 ) 
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Let Q approach very close to P, so that ultimately Q 
coincides with P ; then *2 "iCi, = and the secant PQ 
becomes the tangent at P. 

« 

the equation of the tangent at P is 

(a; - a;i)2a;i + (y - « 0, 

i.e., aJOJi +1/1/1 = aji® 

•i.e. xxi+yyi-a®. 

(ii) Since (aji, i/i), (a;*, 1 / 2 ) lie on Ithe circle a;* + 1 /® +2gfa7 
+ 2/y + c-0. 

we have a;i®+i/t^+ 2gaJi+2/i/i +c®=0 1 /.v 

+?/2*+ 2ga;2+2/?/2+C“0. J *’* 


By subtraction, 

aJi* -a; 2 * + 1 / 1 * -1/2^ +2g(a;i -a’ 2 ) + 2/(i/i -i/a)=*0. 

or {Xi. - OJaKaJi + jTa + 2 g) + (1/1 - i/a)(y 1 +1/2 + “ 0 . 

Vt-V 2 ^ _®i.+•?_2 ± 39 . 

Xx - x ^ 1/1 +1/2+ y 

Hence the equation ( 1 ) becomes 


y-yi 


a;i+a;2+2g/ > 


or, (a; - Xi )(a;i + a ?2 + 2g) + (y - ?/ iXy 1 + y 2 + 2/) - 0 
which is the equation of the chord PQ. . . (6) 

As before, putting aia-ajt, Vz^Vt in (6) the equation 
of the tangent at P is 

(a: - Xx){^x 1 + 2g) + (y - y i)(2y 1 + 2/) - 0, 
or, x(x I + g) + y(yi +/) - a; 1 ® + y 1 * + gari +/yi 

- “ (gaJi +/yi +c) by (4) 

or, xxt+yyi+g(x + Xi) + f(y + yi) + c-0. 


• • 


( 7 ) 
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Note. As an aid to memory, the following points should be noted. 
Replace the terms y*, 2x, 2y in the equation of the circle (ii) by 
yVit ss+Xi, y+Vi respectively and we get the equation of the 
tangent at (xi, ^i) *to the circle (ii). This rule is also applicable in 
the case of equations of tangents to parabola, ellipse and hyperbola. 


Alternative Method, 


The equation of the tangent can also be obtained by 
using the property that the tangent at any point of a circle 
is perp. to the line joining the point of contact to the centre 
of the circle. 


A 



Any line through PUi, 2/1) is 

2/-?/! =w(x-ari). ••• (l) 

For the circle (i), centre C is (0, 0). 

equation of PC is y—^x. ...(2) 

«Z/1L 

If (1) be a tangent to the circle (i), 


it must be perp. to (2) i.e., w x -- = -1, i,e., m— —- 

ici 2/1 

Substituting this value of m in (1) and simplifying, the 
reqd. equation of the tangent is obtained. 


For the circle (ii), centre Cis (-gr, -/). 

.*. Equation of PC y - Xi), ••• (3) 

Xx+g 

If (1) be a tangent to the circle (ii), it must be perp. to 

(3), i.e., m X *= — 1, i.e., 

2 / 1 +/ 

Substituting this value of in (3), we get the reqd. equa¬ 
tion of the tangent 

J'-.S'i” 

or (a;-a;i)(a:i+j7) + (y-2/i)(lfi+/)*0, 


which can be simplified as before. 
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* ^ 

6*8. Condition of tangency of a line. 

(A) To find the condition that y^^mx + c ... (l) shall 
touch the circle +y^ ... (2). 

Substituting the value of y from (l) in (2), the abscissfe 
of the points of intersection of (l) and (2) are given by 

+{mx + c)~ 

i.e. (l+ w^)a;^+2?wca; + c*-a"* =0. ... (3) 

If the line (1) touches the circle (2), the two points of 
intersection of (l) and (2) become coincident and hence the 
two roots of (3) become equal. 

«= 4(1 + w®)(c® - a*), 
i.e. c^=a^(l + m^), 
i.e. c—±aVi+m® ... (4) 

which is therefore the condition of tangency. 

Thus each of the the lines y —mx±a is always a tan¬ 

gent to the circle x^^+y^^a^, whatever be the value of m. 

T?he general equation of a tangent to the circle x^’^y^ 
■»a^ is representable in the form 

y=mx±ajl’¥m^ ... (6) 

where m is a variable parameter. 

Cor. 1. For any particular value of w, the two equations 

y = maj + a/s/l+w®, y^mx-a + 

represent a pair of parallel tangents to the circle and the 
line through the points of contact is x + my 

Cor. 2. It can be easily shown directly or by chan ge 
of origin that each of the lines y — k’"m{x~~h)±a is 

always a tangent to the circle {x - /t)* + ( 2 / - kY — a^. 

Note. The above condition might have been obtained also from 
the equation (l+m*) 2 /* — 2cy+c®—a*m*=0, which gives the ordi¬ 
nates of the points of intersection. Each of the equal roots of (3) 
and that of this equation give respectively the abscissa and ordinate 
of the point 0 / coniaot of the line when condition (4) is fulfilled. 
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Alterative Method. 

When a line touches a circle, the perp. from the centre 
upon the line is equal to the radius. Since the centre of 
the 0 is (O, 0). the condition that (l) shall touch (2) is 


-s/i+w* 

Hence etc. 

(B) To find the condition that the* line ^aj + wy + »**0 
... (6) shall touch the circle jc® + y* + + 2fy + c •* 0 ... (7). 

Since the centre of 0 is (-flf, -/) and radius is 
** the condition of tangency of line (6) with 

the circle (7) is 


i.e. 

or 


— lQ/~jnf+n ^ 
igl+fm- n)^ — 


± Jg^+P-c, 

(Z^ +m*)(g^ +/* “c), 


(Z® + m*)c + ^(fl^ gm)* - 2/mw - 2gnZ*» 0. 


Note. The above condition of tangency can also be obtained by 
the first method of (A). 


6‘9. Point of contact of a tangent line. 

(A) To find the point of contact when y*^mx + c ... (1) 
touches the x ^y **a • ... ... ... (2) 

Bet *{xi, yx) be the point of contact. The equation 
of the tangent to (2) at (xx, Vx) is 


(TXx-^yVx 

Write (l) as -mx + y^c. 

Then (3) and (4) must be identical. 
Comparing coefficients of (3), (4). 


(3) 

(4) 
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xi - 

When (l) touches (2) since c^ajl+m^, 

the co-ordinates of point of contact can also be written as 

( ma _ a \ 

Vi+m® ^/i+m®/ 

(B) To find the point of contact when lx + my + 7i * 0 (6) 
touches the circle aj* + ?/* + 2gx + 2fy + c 0. (6) 

Let (oji, Vi) be the point of contact. The equation of 
the tangent to (6) at (a;i, yi) is 

xxx + yyx +g{.x + Xi)+f(y + yt)-^c = 0, 
or x{x±+g) + y{y^+f)+ 0 X 1 -^ fyi+ 0-^0, ... (7) 

Hence (7) and (5) must be identical. 

gi +g „ 1/1J-/„ 0^ +fyx + C 
'' I m n 

» ^(®i ±jiy\±f) ” j +fVj.+_c) 
gl+fm-n 

» qI+JIs.c. 

gl + fm - w 

' gl+fm-n ^ g2+/m-» *'* 


6*10. Normal at a point. 

To find the equation of the normal at (xx^ Vx) to the 
circle 

(i) a?® +1/* =a* ; 

(ii) aJ* + y ® + 2ga? + 2/i/ + c = 0. 

The normal at any point P of a circle is the line which 
passes through P and is perp. to the tangent at P. 

(i) Here the tangent at (a;i, ^i) is 

a?a?i 

X\ . /i\ 

- ( 1 ) 
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j/^ny line through (aji, yy) is 

y-yx—m{x-Xy). ••• ( 2 ) 

If (2) be normal at (jci, t/i) it must be perp. to (l). 

??ix— 'J = - 1, 

' Vif Xi 

Tlie equation of the normal at (xj, ^i) is therefore 

y-yi 

Xi 

i.e. ^i«-£Ci 2 /*= 0 . 

(ii) Here the tangent at (xx, yi) is 

xx± + yyi +g{x + Xx)+fiy + yi) + c*’0, 

or x{xt+g) + y{yi+f) + gxx+fyL+C'‘0, 

Xx+g gxi+fyx+c 

i.e. - ri - 

’» Vi+f 2/1+/ 

Any line through («!, 2 /i) is 

2/-2/i *m(!r“£Ci). 

If (6) be normal at (a;i, y±) it must be perp. to (4). 


mx -1, i. 

' 1 / 1 +// 


I.e- m 


_ 2/i + /. 
Xi + g 


The equation of the normal at {xx, 2/i) is therefore 

xx-^g 

i-e. ^ (yi +f)x - (xi + g)y -fxy + gijx “0. ••• (6) 

Note. Since the equation (3) passes through (0, 0) and (6) passes 
through { — g, —/)» the centres of the respective circles, it follows 
that the normal ai any point oj a circle passes through its centre. 

\ 

6‘11. Number of tangents from a point. 

To show that from any point there can be drawn two 
tangents to a circle. 

Let (xu Vi) point and let the circle be 

••• ••• (l) 
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The equation of any tangent to (l) is 

2/“ma; + a ••• (2) 

m being a variable parameter. 

The problem of drawing a tangent from (a?!, y i) to (l) 
reduces to that of choosing the parameter m so that (2) may 
pass through (aii, ?/i). The requisite relation to be fulfilled 
by m is accordingly ‘ 

yi=mxi+a ••• (3) 

or (i/i - waji)® +w*), 

or i/i^-2wxi7/i+m^jci* =a^(l+m^), 

or ■-a^)-2?»a;i?/i+?/i^ — a®=0. *** (4) 

This equation being a quadratic in m gives t\vo values of 
m, corresponding to each of which we have by substitution 
in (2) a tangent through (xi, iji). 

Evidently the two tangents from {xi, yi) will he real, 
coincident or imaginary according as the t\vo roots of (4) 
are real, coincident or imaginary, 

i.e, according as {2xxV^ff -4(a;i^ - 

„ +//i’* 

„ “a®<0, 

i,e. according as the point (aji, y\) is outside, on, or 
inside the circle, [Ai’t. d’5] 

6*12. Pole and polar. 

Def, The polar of a given point is the line which passes 
through the (real or imaginary) 
points of contact of tangents 
drawn from the given point ; 
also the pole of any line is 
the point of intersection of 
tangents at the points (real 
or imaginary) iq which the 
line meets the circle. 
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(A) To find the polar of the point (aJi, 2/1) w, r, t. the 
circle : 

(i) 

(ii) +'y* + 2 gx + 2 fy + c *- 0 . 

If the points of contact be A(®2, ^2), BixstVs), the« 
tangents at these points are 

* xxz+yy 2 -a^, 

®®a+1/2/3 

both these tangents pass through P(a;i, yi), we 

have 

®i®a + 2/12/2 

®i ®8 +2/12/3 

These relations show that the two points A(®2i 2/2)1 
B{xz^ 2/3) situated on the line 

xxi+yyi-a*, 

which is therefore the required equation of the polar of the 
point (®i, y\). 

(ii) If the points of contact be - 4 (® 2 i 2 /2)* P(aJ3, 2/3) the 
tangents at these points are 

XX2 +1/2/2 + q{x + X2) +f{y + 2/2) + c « 0 , 
and + yy^ + g{x +®s) +f(v + 2/3) + c ■■ 0 . 

both these tangents pass through P(®i, 2/1) we have 

® 1®2 + y 12/2 + fffoi + fl?2)+/( 2 /1 + y 2) + C = 0 , 
a;i ®8 + 2 / 12/8 + +«a)+/( 2 /i + 2/3) + C“ 0 . 

These relations show that the two points A(®ai 2/2) and 
B(x2^ 2/3) are situated on the line 

xxi+yyi+g(x+xi)+f(y+yi)+c-o, 

which is therefore the required equation of the polar of the 
point (®i, 2 /i)* 

Note. It should be noted that when the point P lies within the 
circle the two tangents that can be drawn from P together with their 
‘points of contact if, B are imaginaryt but the polar which is no other 
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than the line joining the imaginary points of contact is a real one. 
When P lies on the circumference of the circle, its polar coincides with 
the tangent at P. 

(B) To find the pole of the line lx + my + n =* 0 r. t, 
this circle 


(i) + =a^. 

(ii) +jy*+ 2^a; + 2/v+ c = 0. 

(i) Let {xit 2 / 1 ) be tlie required pole of tlie lino. 
Now the polar of (aJi, iji) w. r. 1. (i) is 

XX 1 + mil - a® =0. 


this must be identical with 

lx + my + 91 — 0. 


Xx 

I 


whence 


y.\ = 

m n 
I 


Xi^ - Vt “ - - 


2 

“ a 

n ■ " ■ n 
(ii) Let (iCi, yi)he the required pole of the line. 

Then the polar of (a;i, yx) w. r. t. (ii) is 

xxx. + yy± + g{x+xi) +f{y + 2 / 1 ) + c - 0, 
or x{xx + g) + y{yx+f) + (jxx+fyi+c^O, 

This must therefore bo identical with 
lx + my + w = 0. 

x\+g ^yx_±f ^9^\±_fu V_t^ 

I m n 

« + g)+ /fl/i +.0 “tot +/yi + c) 

gl +fm - n 

88V • 

gl-irfm^n 

-9) 'll •• - / 

^ gl-^fm-n gl+fm-n •'* 


7 
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6*13. Properties of pole and polar.. 

(i) If the polar of a point P tv. r. t. a circle passes 
through Q, the polar of Q passes through P. 

Let the co-ordinates of P, Q he {x\, ijx), (x 2 i Vz) and let 
the circle be x^+y = a^. ... ••• (1) 

The polar of P with respect to (l) is xxi + yij^ =a®***(2) 

j 

The polar of Q with respect to (3) is xx^ + 7 /J /2 =a^*“(3) 

If ( 2 ) passes through Q, then 

which is exactly the condition that (3) passes througli P. 

(ii) The point of intersection of any tioo lines is the 
pole of the line joining the poles of the lines. 

Let 0 be the intersection of the lines AB^ CD and let P, 

- Q be their poles. Since the i)olar of P viz. AD passes 
through 0, the polar of 0 passes through P. Similarly the 
polar of 0 passes through Q. Hence PQ is the polar of 0 ; 
in other words, 0 is the pole of the line PQ. 

(iii) If the pole of the line lx + my + » = 0 with respect 
to a circle lies on I'x + y + = 0, then the pole of Vx + m'y 

+ w' ■* 0 lies on Ix + my + n^ 0. 


Let the circle be = a^. 



Pole of Ix + ny + n^O is | 

n } 

... (1) 

Pole of I'x + m'y + = 0 is 

\ n 

n / 

... (2) 


Since pole (l) lies on l'x + m*y + n’“0. 


J + j + w'“O’ 

Tl' 2 -I f 2 * f\ 

i.e. ll a +mm a - nn ^0 

which is exactly the condition that the pole (2) lies on 

Za; + + n “ 0. 
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6*14. Chord of contact. 

From the definition of the polar of a point, it ie clear 
th*at the polar of a point is nothing but the chord of contact 
prodticed infinitely both ways. Hence the equation of the 
chord of contact of the tangents drawn from a point (aJi, 7/1) 
is to be obtained exactly in the same way as in the case of 
the polar of the point, and tlieir respective equations 
for the circles (i) a?*+7/®= a’', 

(ii) a;^ + 7/^ + ^gx + 2/// + c ■« 0, 
being) as in the case of polar 

xxi+yyi-a*, 

xxi+yyi+g(x+xi) + f(y+yi)+c»0. 

Note. It should be noted that the equation of the tangent at (z,, 7 /,), 
■equation of the polar of the point fz,, 7 / 1 ) and the equation of the chord 
■of the contact of tangents drawn from (Zi, (/,) are all identical in form. 

6*15. Length of the tangent. 

To find the length of the tangent from an external point 
{^uVx) to the circle 

(i) + y* “a“, 

(ii) + 7/^ + 2gx + 2/// + c = 0. 

Let P(a?i, yi) be the external point, FT the tangent 
And C the centre of the circle. 



<n) Here 0 is : 

PT' - (ifci+»)* + (i/i +/)* - («’ +/’ - e) 

-xi*+yi*+28*i+2fyi+c.. 
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Thus, we see that if (xt, y^) are substituted for y in- 
the left-hartd side of the equation of a circle which is written 
with the coefficients of x^ and each equal to unity arid 
with the right-hand member zero^ we get the square^ of the 
length of the tangent from (xi, y\). 

Cor. The square of the tangent from the origin to the 
circle a* + ?/^ + 2gx + 2fy + c = 0 is c, which can, therefore^ 

be taken as the geometrical interpretation of c. 

\ 

6*16. Illustrative Examples. 

Ex. 1. Find the equation of the circle passing through three poiids- 
(*i. l/i). («9» 2 /a). (» 3 , 2/3)- [C. U, i 95 il 

Let »*+ y* +2gaj + 2/y + c = 0**'(l) be the equation of the reqd. circle.. 

Since it passes through the 3 points, 

.'. a;i’+2/,’ + 2sra;,'+2/y,+c=0. ••• (2) 

a;a*+2 /a®+2 <;®a+2/7/,+c=0. ••• (3) 

«,*+y,*+2g'X3+2/y,+c = 0. ••• (4) 

Eliminating the unknown quantities g,/, c between (1), (2), (3), (4)^ 
we have the reqd. equation of the circle 


»* + 2/* 

X 

y 

1 1 “0. 

»i“ + 2/i* 


Vi 

1 

®**+2/i* 


2/a 

1 

®3*+ys* 


2/3 

1 


Note. In numerical examples, it would be convenient to obtain 
the actual values of /, c from (2), (3), (4) and substitute them in 
(1), as shown below. 

Ex.^2. Find the equation of the circle which passes through the 
points (3,4), (3, -6), (-1,2). 

Let the equation of the circle be 

«*+2/* + 2^®+2/i^+c “ 0. 

Since it passes through the d points, we have 
25+6flr+8/+c “0. 

45+6$f-l2/+c-0. 

•6^25r+4/+d»=0. 
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From the above 3 equations we easily obtain ^3, /»!, c<» —15. 
Hence the reqd. circle is 

aj’ + 2 /* 6a; + 2t/ —15 *= 0. 

Ex. 3. Find the equation of ihfi circle described on the line joining 
ihepoints (xi, y,), (x,, y^) as diameter. 

Let P{h, k) be any point on the circle and A[x^, y^)^ R[x^, y,) bo 
the given points. The equations of PA^ PB are 

y-k= ix-h), 

h—Xt ' 

and y-lc= (x-h). 

» 

Since APB is a semicircle, PA, PB are at right angles and hence 
the product of their in's — —1. 

. k-y, 

• * h-x\' /i-x, 

or (h-x,)(/t-x,) + (/c- 3 yi)(fc-?/j) = 0. 

This shows that {h, k), lies on the circle 

(x-xi)(x-x2)+(y-yi)(y-y2)=0, 

which is therefore the reqd. equation. 


Ex. 4. Find llu' length of the chord by the circle x* + i/’ = a* on the 
.line y — mx + c. 

Let 0 be the centre of the circle and A, B be tho extremities of the 
•chord. Draw OM perp. to AB. 


Then AB^ 2AM ; AM^ = 0^ * - OM ^. 


• * 




1 + m’ 



1 + w* 



-whence AB can be obtained. 


Examples V1(A) 

1. Prove that the centres of the three circles =1, 

+ 2/^ + 6a; - 2i/ “ 1, a;^ + 2 /® - 12j; + 4t/ 1 are collinear. 

2. Find the area of tlie triangle formed by joining the 
centres of the circles 

a;® + y* + 2a; + 42/“ 4 “ 0i a;® + 2/^ + 6a; + 42^ + 9 “ 0, 
a;® + 2/* ~ 4aj - 42/+ 2 “0. 
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3. If At B, C be the centres of the three circles 
je® + j/* = 27, + ?y* - lOi/-12 = 0, +y^ -6 

“0, verify that the triangle ABC is equilateral. 

<4. If At B, C, D be the centres of the four .circles^ 
(i) + 2/2 - ‘24ir - lOy + 26-0, (ii) a:* + + 5aJ - 12^ - 37 - 0, 

(iii) a;* + 2/2 + 24® + lOy +144 = 0, (iv) x^ + y^ -‘5x + 12y - 20 
— 0, show that the quadrilateral is a rhombus whose>**' 
diagonals cross each other at the origin. 

[ Show that AC, BD bisect each other orthogonally at the origin. ] 

% 

5. Show that the two circles 

(i) ®* + 2/2 - 8® + lOi/ + 5 - 0, ®2 + 2/2 + 2® --141/ +1 — Q 
touch each other externally. 

(ii) ®2 + 2/2 -14® + 2y - 71 - 0, ®2 + 2/* - 8® + ICy + 5 = 0* 
touch each other internally. 

6. Find the equations of the circumcircles of the triangle* 
whose vertices are 

(i) (2. 1), (1, 2), (8. 9) ; 

(ii) (3. 0), (12, 0), (0, 6). 

7. Find the equation of the nine-point circle of the- 
triangle whose vertices ale (2, 4), (4, 6), (6, 6). 

[ Nine-point circle passes through the mid-points of the sides of a- 
triangle. 1 

ft 

8. Find the equation of the circle which is concentric- 
with the circle x^ +y^ -&x + 12y + 16 — 0 and passes through' 

(5. 4). 

9. (i) Find the position of the point (2, - 3) w. r. t. the’ 
circle ®* + 2/2 + 2® - 42/ - 9 — 0. 

(ii) Does the line 3® + 42/ +12 = 0 intersect the circle* 
®2 + 2/* 4®- 62/“ 12 * 0 ? 

10, Does the equation ®2 + 2/2 - 2® + 2y+8 — 0 represent 
a real circle ? 
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tl. Show that tlie equaition of the circle through the 
origin and through the points (xt, Ui) aud (xz, 1 / 2 ) is 

X 7/ I« 0 . 

Xx y-i 
X2^+y2^ X 2 ?/2 

12. Find the intercepts made on the co-ordinate axes by 

the circle x^ + y^ + 2 ^x + 2 /// + c ®= 0 . [ < 7 ^ > c, > c ] 

13. Show that the line 3x + 4y/ + 7 = 0 touclies the circle 
x^ + 7 /^ “ 4.r - 6i/ - 12 = 0 and find its point of contact. 

[CM.'] 

14. Find the equation of the tangent to the circle 
(x -- hY + (y - k)^ at the point {h + a cos a, k + a sin a). 

15. If the line x cos a + y sin a = p touches the circle 
(x — a)^ + ( 7 / - b)'^ = then a cos a + b sin a= 2 )±r. 

16. Show that the condition for the tangency of the line 
X cos a + y sin a — p’=Q to the circle x^ + 7 /® + 2(fX + 2fy + c 
= 0 is + 2{){g cos a +/ sin a) - (<j sin a —f cos a)^ + c = 0 . 

17. If tliG tangents at (xi, yi) and (x 2 , 7 / 2 ) on the circle 
X +'7/^4- 277X + 2fy + c = 0 are perp., show that 

®ia-2 + ?/jl 7/2 +f/(xi +X2)+/(7 /i + IJ 2 ) + +/‘^ = 0. 

18. Show that tlie circle x^ + - 2ax - 2ay + «= 0 
touches lioth the co-ordinate axes and find their points of 
contact. 

19. Find the equations of the tangents to the circle 
X® + 7/* - 2x - 4?/- 4 = 0, which are (i) perpendicular, 
(ii) parallel to the line 3x ~ 4?/ - 1 = 0. 

20. Find the points on the circle x* + — 2x +6?/ 

■“SS^O at which the tangents are parallel to the line 
X + 4?/ - 7 ■« 0. 

21. Find the equation of the pair of lines joining the 

origin to the points of intersection of the line - + r ■» 1 

a 0 
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with the circle a;* + 2 /* and hence deduce that if the line 

is a tangent to the circle, then'-4 + A ““V 

0 c 

[ Use the condition the pair of lines become coincident, ] 

I 

22. (i) Find the length of the chord intercepted by the 
circle +y^ — 12a; + 16?/ - 69 = 0 on the line ^v +10 =*0. 

(ii) Show that the length of the least chord of the 
circle a;® + 2 /^ + 2 < 7 a; + 2/?/ + c = 0 which • passes through an 
internal point (a;i, y^) is 

2^/^ - (a;,.^ + ?/i* + 2sfa;i + 2/^1 + c)}. 

[ See Ex. 4 , Art. 6‘16. ] 

28. Prove that the equations 

}(?/ “ - mix “ a)P = a^(l + w^), 

and {miy - p) + ix‘’a)\^ ••a^ii + m^) 
represent the sides of a square circumscribed about the circle 

ix-ay +iy-py 

[ The two equations break up into 4 lines each of which is a tangent 
to the circle. ] 

24. Find the condition that Zrr + w]/+ 0, should be a 

normal to the circle a;^ + 1 / * + 2f/a; + 2fy + c = 0. 

^ (i) Find the pole of the line 2a; - 1 / 4-10 = 0 tt;. r. t. the 

circle a;® + 2 /^ - 7a; + 5// - 1 ■= 0. 

(ii) Show that the polar of the point (/i, k) w.%. t. the 
circle x^ + 2 /^ ~ 2Ar + 0 = 0 where A is a variable parameter, 
always passes through a fixed point. 

'^26. Prove analytically that the polar of a point w. r. t. a 
circle is perp. to the line joining the point to the cdntre. 

27. Verify that the three points (a;i, ^i), (xz, t/ 2 ), 
(iCsi Vs) will bo collinear if and only if their polars w.r.t. the 
circle x^ +y^ are concurrent. 

28. Show that the distances of two points each from the 
polar of the other w.r.t. a circle are to one another as the 
distances of the points from the centre of the circle. 
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29. Find the length of the tangent from the point (7, 2) 
to tjie circle 2aj^ + 2 j/^ + 5® + f/ - 15 ■* 0. 

30. Find the locus of a point the tangents from which 
to two circles are (i) equal, (ii) in a constant ratio m : ». 

'\St. Show that the lengths of the tangents from any 
point on the lino 3a; - 8// + 2 = 0 to tiie circles — 4a; 

+ 6y + 8 “ 0, and x'^ + y + 2a; - lOy + 12 = 0 are equal. 

32. Show tliat tiie length of the tangent drawn from 
any point on the circle x"+1/^+ 2//a; + 2/2/ + C“0 to the 
circle +y '^ + 2gx + 2fy + c = 0 is ^Jc'-c. 

33. Find the equation of the circle passing thorugh the 
common j)oint9 of a;” + jf/^ - 2x - 4t/- 4 = 0, 2a; + 3i/ + l='0 
and the origin. 

^^34. Find tlie equation of the circle which passes through 
the common points of the circle S = + ?/^ + 2gfa; + 2/y+ c = 0 

and the line L = lx + my -1 = 0 and the origin. 

[ S + XL = 0 is the equation of any circle through the common points. ] 

35. Find the equation of the circle which has for its 

diameter the chord cut olT on the lino L = i.c + miy—1 = 0 
by the circle S = x^ +y'^ - —0. 

i Express the condition that the circle /S + XL=®0 has its centre on 
ix+my^l. ] 

36. Show tliat a circle can be inscribed in the quadri¬ 
lateral whoso sides are 

a; = 0, j!/ = 0, X cos a + y sin a — p,x cos a + // sin a = p', 
if 2>(l + sin a + cos a)=p\l + sin a + cos a). 

37. Show that the necessary and sufficient condition for 
four given poins (iCi, z/i), (072,^2). fesi l/a), (^i, I/4) to be 
concylic is 


+ 1 / 1 * 

Xi 

y\ 

1 *0, 

+ 1 / 2 ^ 

Xi 

1/2 

1 

373^ + 1/3“ 

X3 

ys 

1 


a;4 

1/4 

1 
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6*17. Equation of a chord in terms of its middle 
point. 

To find the equation of the chord of the circle 
—a^ (l) whose middle point is (cci, y\). 

The equation of any chord through Ui, y^) is 

. - 2/ = w(aj-iCt). ... (7) 

The line joining the centre of the circle and (rci, y^) 


is j/* -£C. ... (8) 

Since (7) and (8) are perp. 

]/i 1 • 

• . . m* - 1, t.e, w= - ■ 

Vi 

the required equation of the chord is 

V-Vx^ - 

Vx 

i.e. (x-Xi)xi+(y-yi)yi *0. 

Similarly the equation of the chord of the circle 
x^ + y'^ + 2gx + 2fy + c •= 0 whose middle point is {xx, yx) is 

(® - xx){x x+v) + iy- yx)iy i +/) = 0 . 


6*18. Pair of tangents from a point. 

To find the equation of the pair of tangents from a point 
{xxi 2/i) to the circle x^ +y^ *=a^. 

Let the eijuation of any line through (xi, yx) 1fc>e 
y-yx^ni{x-xx). (l) 

If it be a tangent to x^ +y^ ••a^ 

t 

. ('mxx-yx)^ 

• • 1 I 2 ^ 

X + m^ 

or iwiiTi - j/i)?—a^U + m*), 


( 2 )-. 
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Now eliminating m between (l) and (2), we got the- 
required equation of tangents to be 

=aM(a;-£Ci)^ 

or (aJiiz-T/ia;)^ +(y- 2/i)-}. 

This when simplified can ije put in the standard form 

(x^ +y^ - d )^(xxi_ + yy± - a^)®- 

6*19. Parametric representation. 

Since X'^a cos 0, y — a sin 0, satisfy the equation of tho 
circle -k-y^ wiiatever be the value of 0, co-ordinates 
of any point on the above circle can be represented by 

X ■■ a cos 6 

m 

y «= a sin 0 

which are calltid parametric equations, 0 being called a 
parameter. 

By eliminating 0, we get the equation in x, y. The 
point whose co-ordinates are a cos 0, a sin 0, is for sake of 
brevity called the point 0. 

Since ' “ tan 0, or 7/ = a; tan 0, 0 is the angle which the 

line joining the centre to the point of contact makes with 
the of-axis. This is sometimes spoken of as the geometrical 
interpretation of the parameter 0. 

6'20. Equation of the chord in parametric co¬ 
ordinates. 

To find the equation of the chord of the circle 
+ joining the points (a cos 0,* a sin 0) and 

{a cos fpt a sin q)). 

# 

The equation of the line joining the points 

_ ® 0 ^ ^ — a sin 0 

# a(cos q> - cos 0) a(sin <p - sin 0) 
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a; - a cos 8 

— — ■ “■ — -■» ^ ^ 

2 sin i(0 + q>) sin i(0 — (p) 

ss— V-a sin ® _ _ 

“ 2 cos ^(8 + fp) sin K8 - <p) 

,or a! - nt cos 8 ^ ^ ?/ - a sin 8 ^ 
sin i(8 + <p) cos i(8 + (p) 

•or X cos Hd + q)) + y sin ^(S + <p) 

- la cos 0 cos i(0 + ^)) + sin 8 sin K® + 9^)1 
= a cos |8 — ^(8 + 9 ?)[ 

“ 0> cos i(8 — q>). 

Thus, the required equation of the chord is 
X cos i(8 +q>) + y sin i(0 +9>) = a cos K® ’'9’)» 

Cor. 1. Putting ?> = 8 in the above equation of the chord 
the equation of the tangent at {a cos 6, a sin 8) is 

X cos 6+y sin 6-a. 

Thus, the line x cos 8 + // sin 8 “»a is a tangent to the 
circle x^ +y^^a^ for all values of 8. 

Cor. 2. It can bo easily shown directly or by cliange of 
origin that (x — a) cos 8 + (?/ - sin 8 = a is a tangent to the 
circle (x - a)^ + (y - ^3)* = a’*. 

Note. The equation of the tangent at can be obtained indepen¬ 
dently as shown in Art. 6'7 (AUernative method). 


6'21. Polar equation of a circle. 

To find the polar equation of a circle whose centre is 



[k, a) and radius is a. 

Let (r, 8) be the polar 
co-ordinates of any point 
P on the circle. Then 
LXOP^e, OP-^r. 

Since, 

LXOC^a, OC^^k. 
Z.POC-8-a. 
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Now, from AOPC, 

PG^ = OP* + OC* - 20P.0C C03 POO. 

• ‘. a* = r* + /c* — 2r/c cos (0 — a). 

r* - 2?7>; cos (0 - a) + A:*-a* «=0, ... (l) 

or r* - 2rA: cos ( 0 -a) + c = 0, ... (2) 

putting c = /c*--a*. 

This being the rolatton between the polar co-ordinates of' 
any point on tlio circle is the polar equation of the circle. 

Cor. Any equation of tlie form 

r*+r(A cos 0 + P sin 0) + c*=0 
represents a circle. 

Note. If rj, I'a be tho roots of (1), we have rjr, ==c’ — a’=const, 
for all values of 9. Hence, if through a point O, a secant OPiP.j is 
drawn to moat the circle in Z-',, P,, then OP,. OP^ is constant. 

Special cases. 

(i) When the pole is on the circumference. 

Now co-ordinates of C are (a, a). 

From AOPil, 

OP = QA cos POA , 
i.e, r — 2a cos (0 - a). 

This is the required equation. 



Cor. The above equation can be written as 
r = A cos 0 + P sin 0. 


(ii) When the pole is on the circumference and the 
initial line passes through the centre. 


Now, co-ordinates of G are (a, 0 ). 

From A OP A , 

OP “ OA cos POA , 

i.s. r»2a cos 9, 

This is the required equation,. 
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(iii) When the centre of the circle is taken as the polCt 
whatever be the direction of the initial line. 

Now, OP^a. 

r = a. 

This is the required equation. 

6'22. Equation of a circle {obliq'^,e axes). 

Let the co-ordinates of the centre and any point on the 
•circle of radius a be (a, P) and {x, y) respectively w. r. t. a 

pair of oblique axes OX, OY, 
w being the angle between the 
axes. 

Now CP^==a^. 
by Art. 2’4 (B), 

+ 2{x - a){y — P) cos o) = o*. 
This is the reqd. equation. 



6*22. Illustrative Example. 

Ex. Find the equation of the tangents from the origin to the circle 

+ 14® -f- 2y+251“ 0, 

Let y^mx ... (1) be any line through the origin. The absoissee 
■of the points of intersection of the line and the circle are given by 
(1 + ®(2w—14)-1-26-0. Hence the line >will be a tangent to the 

■circle, if it has equal roots,. 

i,e> if (2m—14)* = 4 X 25(1-1-m®), 
or 12m*-1-7m—12*0. ••• ' ••• (3) 

Now eliminating m between (1) and (2), we get the tangents from 
the origin vis., 

12y *-1-7»y —12®* “ 0, 

or 12®* — 7®y —12y* "O. ••• ••• (3) 

CtherwisB^ 

The polaif of the origin io. r. t» the cirole is 7®«y>»26. Now if the 
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'equation of the circle is made homogeneous by moans of this equation, 
we shall get the equations of the pair of tangonts from the origin via., 

«• + !/•+ (‘ij, -- 0. 

which when simplified leads to equation (3). 

Examples VI(B) 

1. A point moves so that tlie sum of the squares of its 
ilistances from the angular points of a triangle is constant. 
Show that the locus is a circle who^e centre is the centroid 
of the triangle. 

2. A point moves so that the sum of the squares of its 
distances from n fixed points is constant. Prove tliat its 
locus is a circle. 

3. Find the locus of a point which is such that the 
tangents from it to two concentric circles are inversely as 
their radii. 

4. If tlie sum of the squares of the tangents drawn from 
a variable point P to n given circles is constant ; prove that 
the locus of P is a circle. 

5. Whatever be the value of a, prove that the locus of 

the point of intersection of the st. lines x cos a + // sin a = a 
and X sin a - y cos a •= 6 is a circle. [C. U. 1946\ 

6 . Show that the locus of the feet of the perpendiculars 
from a fixed point on a circle upon its diameter is another 
circle and doteriiiine its centre and radius. 

V 7. Find the locus of the foot of the perp. from the 
origin on any tangent to the circle + 2gx + 'Ify + c = 0. 

8 . Find the locus of the foot of the porp. from the 
origin upon any chord of the circle x* + //* + 2flrx + 2fy + c «* 0 
which subtends a right angle at the origin. 

9. Show that when m varies, the locus of the pole of the 

line V - wx + ^ w.r.t. the circle (x - a)* + 2/^ =» h*, is another 
in 

circle. 
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10. (i) Find the middle point of the chord intercepted by 
the circle £C^ + 2 /* ■“ on the line lx + my + ** 0. 

(ii) Find the equation to that chord of the circle- 
which is bisected at the point (-2, 3). 

'■ It. Find the locus of the middle points of the chords of 
tlie circle which pass through the point {h, h). 

12. Find the locus of the middle points of the chords of 
the circle which subtend a right angle at the 

origin, • 

^ 13. Show that the locus of the middle points of the 
parallel chords of a circle is a line passing through the 
centre of the circle. 

I 

14. Show that the locus of the point, the tangents from 
which to a given circle are at right angles is another 
concentric circle. 

- 15. Find the pair of tangents from (1, 5) to the circle 

a;® + 2/* «13. 

16. Find the equation of the tangents from the origin to- 

the circle x^ + + lOo? + lOy -4- 40 =* 0. 

17. Show that the area of the triangle formed by the 

tangents to the circle x^ + y'^ — a/^ from {x±t and 

their chord of contact is 

18. The parametric co-ordinates of a point P are 

I 

Show that the locus of P is a circle of radius a. 

16. Find the centre and radius of the following circles* 

(i) r -«2a cos 0 + 25 sin 6 ; 

(ii) r 6( ^/3 cos 6 + sin 0), 
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20. Find the polar co-ordinates of the points of inter¬ 
section of the line r cos 0 = a and the circle r’^^a cos 0. 

21. Show that if +2ac“l, the line : 

= a cos 0 + 5 sin 0 
r 

touches the circle r*=2c cos 0. 

22. Show that the circles r“»acos(0 —a) and 
r = 6 cos (O — fi) intersect at an angle of a — /S. 

23. Show that the circles r == a cos (O — o) and 
r =* 5 sin (0 — a) cut ortliogonally. 

24. Find the polar equation of the circle described upon 
the join of the points (n, 0i), (rg, 02 ) as diameter, 

25. Show that the diameter of^ the circle passing through 
thQ pole and the points (a, a), {b, fi) is of length 

+ 5^ - 2ab cos (a - fi)} 
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SYSTEM OF CIRCLES 

7'2. Condition for orthogonal intersection. 

Def, Two circles are said to intersect orthogonally when 
the tangents at either of the two points of intersection are at 
right angles. 

Suppose the two circles 
whose centres are A, B inter¬ 
sect orthogonally at P. Since 
the tangents to the two circles 
at P are at right angles, the 
radii .4P, BP, being perp. to 
the respective tangents are also 
at right angles. 

Hence AP^+BP^~AB^. 

Thus, for two orthogonal circles the square of the distance 
between their centres is equal to the sum of the squares of 
their radii. 

Again, since PB is perp. to PA, PB is a tangent to the 
first circle. Thus, for two orthogonal circles, the length of the 
tangent to the first circle from the centre of the second is 
equal to the radius of the second and vice versa. 

To find the condition that the two circles whose equations 
are 

, +1/^+ 2gi£c + 2/iy+ ci “0, 

+y^ + 2g2X + ^f^y + Ca “0 

shall cut orthogonally. 
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First Method, (based on the first property) 

'Wlien two circles out orthogonally, the square of the 
•distance between their centres is equal to the sum of the 
squares of their radii, 

“6^1^ +/l^ -Ci+fif./ +/2® -C2, 
2gig2 + 2fif2-Ci+C2 

-as the condition for orthogonality of two circles. 

The above condition is hotli necessary and sufficient. 

Second Method. 

From the second property, it follows that the two oircles cut 
•orthogonally if 

* + A * - 2g, fiTa - 2/,/., + Cl = i/a * +/a * - Ca, 

iu!. if iff.2 +2/ i/.j = cI -t’Cj, 

Third Method, (based on definition) 

Ijet (x, ?/) be the co-ordinates of a point of intersection of two 


•circles. 

The equations of the tangents at this point are 
®x' H- yy' gf,(®+x') +/i {y+y') + c,=0. 


i.e. 

(x'g, )x-b (?y'+/, )jy+flf, x'+/i ?/+c, =• 0, 

(1) 

and 

(x'-f-</.j)x+(j/'+/a)y+^9X'+/»^'-4-c, = 0. 

(2) 

Since (1) and (2) are at right angles, we have 



(*'+ + ga) + (t/'-b-b/a) = 0. 

(3) 

Since (x'l y*) is on both the circles, 



x'’+y'“ + 2gix' + 2/iy'-bc, =0, 

(4) 


+ y'* + 2gaX'-b 2/a y'-b C, = 0. 

(6) 


Adding (4) and (5) and subtracting the result from (3) multiplied 
%y 2 i,e., thus eliminating x', y', wo get the required condition of • 
•orthogonality. 

7‘2. Radical Axis. 

Def. The radical axis of two circles is the locus' of the 
point which moves such that the lengths of the tangents 
^rawn from it to the two circles are equal* 
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To find the equation of the radical axis of the circles- 

+2/^+2griaj + 2/i2/ + Ci-0, ••• (1) 

(S 2 =aJ*+ 2/® +2gf2® + 2/2i/ + C2 “0. ... (2^ 

Let (xi, yi) be the co-ordinates of any point such* tliatt 
the tangents from it to the two circles (l) and (2) are equal. 

®i* + 2/i*+2flfiXi+2/iyi+Ci 

— Xi® +2/1®+ 2 ^ 2 ®! +2/22/I'+C 2 i.. 

+2(/i “/2)2 /i+Ci -Ca “0. 

This shows that the locus of (xi, 2 / 1 ) is the line 

2(flfi-Cf2)a? + 2(/i-/2)2/ + ci-Ca “0 ••• (3) 

which is therefore the equation of the radical axis^ Thusy 
the equation of the radical axis is Sx- Sz=0 (provided, the- 
coefficients of x^ and are unity in both the eq;iations). 

Cor. 1. From the form of the equation of the radical- 
axis viz. Si - Sa =0, it appears that the radical axis passes 
through the common points, {real or imaginary), of Si ■= 0,. 
Sa - 0. Thus, the radical axis is the common chord of the^ 
two circles. 



It should be carefully noted as shown in the above figures 
that the points of intersection may be real (as in Fig. 1) or 
imaginary (as in Fig. 2) but in both cases the radical axis a* 
real line. 
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Cor. 2. It is also evident from above that if two circles 
/touch each other internally or externally the tangent at their 
point of contact is no other than their radical axis, and 
•conversely whenever the radical axis of two circles touches 
•one of them, it must also touch the other and the circles 

themselves must touch each other. 

« 

7 3. Properties of Radical Axis. 

(i) The radical axis of two circles is perpendicular to 
rthe line of centres of the circles. 

Since the centres of the two circles are ( — ^i, “A) aod 
(-( 72 i ~/ 2 )i the equation of the line joining tliein 

is -^2 ( 4 ) 

r/i “ f /2 

The W of the line (3) is - • 

J\ *2 

the product of the 77i’s of the lines (3) and (4)= — 1. 
Hence the result. 

(ii) The radical axes of three circles taken in pairs are 
concurrent. 

Let the equations of tlie three circles be 

Si + i/'^ + 2(71®+ 2/i//+ ci = 0, ... (l) 

S3 ==®^ +7/^ + 2{/2iC+2/2//+C2 *=0, ... (2) 

S3 +?/^ + 2^3® + 2/3?/+ C3 =0. ... (3) 

The riadioal axes of the circles taken in pairs are given by 

Si - S2 =2((7 i -g<i)x + 2C/1 -f%)y + Ci - Cs ■= 0, 

Sa - S 3 =2((/2 - g^)x + 2(/2 -/a)// + Ca “ C 3 =0, 

Sa ~SiS2(fif3 -(7 i)® + 2(/3 ■"/i)y + C3 - Cl =0. 

Since on adding the above three equations, their sum 
•vanishes identically, the three radical axes meet in a point. 
.[ See Art. 3'10. J 

The point of concurrence of the radical axes of three 
circles taken in pairs is called the radical centre of the 
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thtee circles. Since the radical centre is given by Si^Sg. 
— S 3 , this shows that the lengths of the tangents from the 
radical centre to the three circles are equal, 

7‘4. Centre-locus of a circle cutting two circles* 
orthogonally. 

Let the equations of two given circles be 

+ 2 /*+ 2 ffiaj + 2 /iy + Ci“ 0 , ••• (l) 

+ 2^2®+ 2/21/+ C2 “0. ••• (2) 

Let the equation of the circle which cuts both of therm 
orthogonally be 

+ 2/*+2gra; + 2/2/ + c-0. ••• (3) 

Since (3) cuts (1) and (2) orthogonally, 

2gr0ii + 2//i-c-Ci-O, — (4) 

2gg3 + 2 //a - c “ C2 “ 0 . ••• (5) 

Subtracting (5) from (4), wo get 

Sgfgi - ^ 2 ) + 2/(/i -/a) - (ci - Ca) " 0, 

or (- g).2(gi - fifa) + (*“/). 2 (/i - /a) + Ci - Ca - 0 . 

This shows that (-g, -/), the centre of the circle (3)» 
lies on the line 

2(gi - g2)aj + 2(/i -/g)!/ + Ci - Ca - 0, 
i.e. on the line Si “ Sa “ 0 , 

which is the radical axis of (l) and ( 2 ). 

Thus, the locus of the centre of the circle which cuts two* 
given circles orthogonally is the radical axis of the two circles,. 

Hence it follows automatically that the radical centre of 
three given circles is designable as the centre of the uniquely* 
determinate circle which cuts all of them orthogonally. 

Also it should he noted that if a circle cuts three given 
mrcles orthogonallyt its centre is the radical centre of tha 
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three given cireles and its radius is equal to the length of the 
tangent drawn from the radical centre to any of the circles. 

[ See Art. 7*1 ] 

Hence the equation of the radical circle of three given 
circles Si = 0 , S 2 =» 0 , S ’3 =0 may be written as 

{x-a)^ +{y “r'** 

where (a, p) is the radical centre of tlie given circles and r 
is the length of the tangent from (a, p) to any one of these 
circles. 

Tliis form of the equation is commonly used is solving 
numerical examples. For another method see Ex. 2, 
Illustrative Examples, Art. 7 8. 

7'5. Circle through the intersection of two circles. 

Let the equations of the given circles bo 

Si'==x^ +y^ +2{fiX + 2fiy + c^^0, ... (l) 

S2‘^x^+y^+2g2X + 2f2y + C2^0, ... (2) 

then Si"A*S3=0, ... ... (3) 

(where A is a variable parameter) represents any circle 
through the intersections of (l) and (2). 

Co-ordinates of those points which satisfy simultaneously 
( 1 ) and (2) i.e., the co-ordinates of their points of inter¬ 
section also satisfy (3). Hence (3) passes through the 

intersection of (l) and (2). Moreover (3) obviously is the 
equation of a circle, as will be seen from the expanded form 
of the equation viz. 

x^ + y'^ + 2gxX^ - A(a;^ + 1 /* + 2flf2® + 
i.e. (1 - K)[x^ + y^) + 2{gi - At/a )x + 2(/i - A/g)?/ + Cj - Aca ** D. 

By varying A, we shall obtain the equations of the 
different circles, all passing through the two points of inter¬ 
section of ( 1 ) and (2) and hence having a common radical axis. 

Note. It should be noted that when X = l, the circle vie. Si —8^ 
degenerates into a line viz., the common chord (or radical axis) of the 
circles. 
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, If S “ 0, and 2y “ 0 represent a circle and a line, it can be 
shown similarly that S ~ XL 0 is the general equation, of a 
circle passing through the common points of S * 0, L *• 0. 


7*6. Co-axial Circles. 

Def. A system of circles every pair of which has the same 
radical axis are called Co-axial circles. 

Thus a system of co-axial circles has a common radical 
axis and passes through two fixed points, real or imaginary. 

The general equation of a system of co-axial circles can 
be written in either of the forms 

(i) Si — XSa "• 0, where Si = 0, 5a " 0 are any two 
circles of the system, having Si^ 82'=’0 as the radical 
axis. 


(ii) S-IL — 0, where S = 0 is any circle of the system 
and — 0 is the equation of the radical axis. 

f 

Since the radical axis of any pair of circles is perpendi¬ 
cular to their line of centres, it follows that the centres of 
circles of a co-axial system all lie on a line perp. to the 
radical axis. 

Equation of a system of co-axidl circles^ (special choice 
of axes). 

Let us take the line of centres as the ^e-axis and the 
radicar axis as the y-axis. 

The equation to any circle with its centre on the a;-axis 
is of the form 

t. 0 ., of the form + 2 /^ - 2 gx + c-■ 0. ... (1) 

. P 

- iny point on the radical axes is (0, j/i). The square of 
V the tangent from it to the circle (1) is Vi^ +c. Since this 
IS to be the same for all circles of the system, 0 must be 

same for s^ll circles and g different. 
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Hence the equation of a system of co-axial circles with 
the above choice of axes is of the form 

ic* + 2/* + SA® + c0, 

where A is variable but c is a fixed constant. 


7*7. Limiting points. 

It follows from Art. 7*5 that if C be the centre and B be 
the radius of the circle - AS 2 “0, ... (l) 

then ... (2) 


and 


(ff I Ag2) ^ ~ r" 

..(l- A)^ " " 


When 12“ 0, the numerator of the right side of (2) is zero 
which when simplified gives a quadratic in A. Thus there 
are two values of A for which the circle Si — AS 2 “0 reduces 
to a circle of zero radius i.e. a point. In other words, there 
are two circles of zero radius belonging to the co-axial 
system. These are called limiting points of the system. 


If Ai, Aa are the two roots of the quadratic in A, the two 
limiting points would be obtained either by substituting their 
values in (2) or in (1) which would ultimately reduce (in 
either case) to the form (®- +(t/ ” ~0, giving (hi k) as 

the limiting point. 

Limiting points of HhSAx+evO. 


The equation may be written as 

(® +a)* + ?/* “A® ~c, 

when A^ — C“0 or A“ ± ijc, the circle reduces to a point. 
Hence the point circles of the system are given by 

(®- >s/c)“+ 2 /^ “0 and (x + Jcy. + 0, 

the limiting points arq (Vc, 0), (— Jc, 0). 


7*8. Properties of Limitiag points. 

(l) The polar of either limiting point w. r. L any 
circle of the system passes through the other, > . 
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The polar of ( Jc, 0) w. r. t. + 2Xx + c“0 is 

X + X{x+ Jc) + c== Or or a; + jjc = 0, 
which obviously passes through (— -n/c, 0). 

Cor. The polar of a limiting point lu. r. t. any circle of 
the co-axial system is the same for all circles of the 
system. 

(2) Every circle through the limiting points of a co¬ 
axial system is orthogonal to all circles of the system. 

The general equation of a circle, passing through the 
limiting points ( Jc, 0), (” >/c, 0), is + 7/'* + 2fy - c = Or 
when / is a variable parameter. Now the circles 

+ 2fy- c-0, 

+ y^ + 2Aa‘ + c = 0, 

can easily be shown to be orthogonal. 

7'9. Common tangents. 

We shall briefly indicate here the method of drawing 
common tangents to two circles 

(x - ay + (y - ^y = r^r U - a'y + iy - ^'y = r'^. 

Let lx + my + n — 0 ... ... (l) 

be tile equation of the required common tangent. Since it 
touches the first circle, 

la + mfi + n 

i.e, ila + mfi + ny = r^{y +m^). ... (2) 

Similarly, since it touches the 2nd circle 

(la'+ in^'+ ny = r^(y+ m^), •* (3) 

(2) and (3) being homogeneous quadratics in Z, m, nr by 
solvings them we shall' get 4 sots of proportional values of 
It m, n (real or imaginary) and substituting them in (l)) we 
would get 4 common tangents, (real or imaginary) to the 
above two circles. The method ‘Js illustrated in Ex. 3, 
Art. 7*10. 
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It is geometrically obvious that a common tangent to* 
two circles cuts the join of centres internally or externally 
in the ratio of the radii. 

Otherwise : 

The c(iuation of any tangent to tho first circle is 

(x — a) cos 6 + (?/ - p) sin 0 = r. ... (l) 

[Art. 6*20, Cor. 2] 

If it touches the second, then 

(a - a) cos 0 + {^' — fi) sin 0 = r ± /. ... (2) 

Eliminate 6 between (l) and (2), and we shall get tho 
joint equation of two pairs of common tangents. This 
method is illustrated in l^lx. 3, Art. 7*10. 

7'10. Illustrative Examples. 

Ex. 1. Show that the circles 4a; + 6?y + 8 = 0 and x^ + y* 

— 10x — 6y+14i’^0 touch at tfie point {S, —1). [C. U. 1932^ 

The common chord of the circles is (x’+y* — 4a;+6J/ + 8) 
-(«• +1/’-lOx-6?/ +14) = 0 i.e.,x+2y-l = Q. 

The ordinates of the points of intersection of this line and the first 
circle are given by 

(1-27/)’ +7/’-4(1-2!/) + G7/ + 8 = 0, 
i.e., y‘^ + 2y+l=0, i.e., ( 2 / + l)’=0, 
i.e. y=-l, -1. 

x^l-2y = d,S. 

Thus the common chord touches the circle (1) at (3, —1) ; hence 
it also touches (2) at the same point. 

.*. the two circles touch at (3, —1). 

Alternative Method. 

• 

That the two circles touch can be shown from the fact that distance 
between their centres is equal to the sum or difference of their radii 
and the point of contact can be obtained from the .fact that it divides 
the line joining the centres in the ratio of their radii. 
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Ex. 2. Find the equation of the circle which cuts orthogonally the 


Hiree circles 

+ j/*+ 4aj+7 = 0, ••• ... (l) 

2a:* + 2j/’+3a; + 6y+9 = 0, ... ... (2) 

, 05*+1/’+2/“0. ••• ••• (3) 

The radical axis of (1) and (2) is 

(®*+2/* + 4a5+7)-(a:*+2/* + .5a;+^y+||) = 0» 
i.e, x — y+l = 0. ••• ••• (4) 

The radical axis of (1) and (3) is. 

4® —1/ + 7 = 0. ••• ••• (5) 


The radical centre i.e. the point of intersection of (4) and (5) is 
•( — 2, —1). The length of the tangent from ( — 2,-1) to the circle 
•(3) is 2. 

by Art. 7‘4, the equation of the required circle is 
(® + 2 )* + ( 2 /+ 1 )*»* 2 *, 
i.e. **+2 /* + 4® + 2i/ + 1 = 0. 


Othermse : 

Let the equation of the circle which cuts the 3 circles orthogonally, 
be + y'* +2gx + 2fy + c^0. 

Since it cuts orthogonally the circles (1)) (2), (3). 
by Art. 7*1, 4flf*»c+7, 

f=c. 

From which we easily get gr*=2, /=1, c = l. Hence follows the 
equatidn of the required circle. 

Ex. 3. Find the common tangents to the circles 

a*+2/*=9, and -16®+ 22/4-49=Q, 

The 2nd circle can be written as (®—8)* + (y+1)* =4*. 

Let Ix+my+n^O, ... (1) bo the tangent to both the circles. 

Then, n® = 9(r+w*), ••• ••• (2) , 

and (82—w+n)*»16(Z*+wi*). ••• ••• (3) 

From (2) and (3), (82 - wi+n)* =» V-n*. 

.*. 82 —m+M** ±.j7i. 
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TArking +8igii, ••• ••• (5) 

Taking-sign. si-m=-in. — (6) 

Eliminating n between (6) and (2), we get J=0 or 

When I—Of from (6), wo get m= — Jw. 

Again, when l=lhn, i.e. m = Ul. from (5), »«= Ya-^* 

.*. the equations of 2 common tangents arei 

— Jwi/+»f=0 or y = 3, ••• (i')i 

and fa;+',‘SZ 2 /+ 'TT7’i = 0, or 16x*+G3?/+105=0. — (2). 

Similarly combining (6) and (2) we shall get 

n= — Y-i iind m= — il, «= — Y^- 

the equations of the other two common tangents are 


12®+ 5^/ —39 = 0, ••• ••• (3)' 

and 4®—3 j/—15=0. ••• ••• (4). 

Otherwise : 

Any tangent of the first circle is 

® cos 0 + 2 /sin —3 = 0. ... ••• (1) 

If it touches the 2nd circle 

8 cos 6—sin 0-3 = 0+4. ••• (2) 

Taking—sign, 8 cos 0 —sin 0 + 1=0. ••• ••• (3) 


Solving (1) and (3), for cos 0, sin 0 by the rule of croBS*multiplica*- 
tion and squaring and adding we get 

(y-3)* + (»+24)* = (»+8y)*. 

or 63jy*+lG®jy —48®+6.V—585 = 0, 
or {.y ■” 3) (63p +16® +195) = 0. 

Similarly, taking+sign, we get the other pair of tangents. 

Examples Vil 

1. If the circles a;*+ —6 = 0 anda;®+|y*' 

+ 6a; + JSfif + 7 = 0 cut orthogonally, find k. 

2. Provo that the circles a?* + jy® — Spec - 2qy = 2pti andi 
**+!/*+ 2ga; + 2py = 2pq are orthogonal 
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3. Find the equation of a circle which passes through 

the origin and cuts orthogonally the circles a?®— 8 y 
+ 12 = 0 and a;® + 1 /® - 4a?- 62 /“ 3 = 0. [Jlf.f/.] 

4. Verify that the radical axis of the pair of circles 
jj®+ 2 /® +‘Jic-27/-5 = 0 and a?® + 7 /® + 7a;-22/-13 = 0 is 
perpendicular to that of the circles 

4(a;® + 2 /®)- 6 a;- 2 / + 5 = Oand 8 (a;® +7/®)- 12a; + 32 / +7 = 0. 


5. Find the radical axis of the circles a;® + 2 /® + 2aa; 
+ c® = 0 and a;® + j/® + 2by + c® = 0 and hence deduce that the 


•condition that they touch other, is 



1 


4 


[ Obtain the condition that their radical axis touches one of them, ] 


6 . (i) Find the radical centre of the three circles 

a;®+ 2 /®+ ic +27/ +3 = 0, a?® + 7/® + 2a: + 47 /+ 5 = 0. a?®+ 2 /® 

-7a;- 82 /-9 = 0. * [0.17.] 

(ii) Find the radical centre of the three circles a;® + 2 /® 
+ 4a; + 7 = 0, 2(a;® + j/®) + 3a; + 5*/ + 9 = 0 and a?® + 2 /® + 2 / = 0. 
Find the length of the tangent from the radical centre to 
•each circle. [M.U.] 

7. Show that the circles a;® + 2/®-4a; + 6 y + 8 = 0 and 

a;® + 2 /® — lOaJ - 62 / + 14 = 0 touch each other and find the 
point of contact. [3f. U,] 

''8. Fiiid the equation of the circle which passes through 
( 1 , 2) and through the points of intersection of the circles 
aj® + 2/® - 5 a; - 27 / + 8 = 0 , a?® + 2/® “ 3a; - // + 6 = 0 . 


9. Show that the circles a;® + 2 /® - 4aj- 72 / + 6 = 0, 
.a;® + 2 /* + 3a;- 142 /-1 = 0 and 3(a;®+ 2 /®)+2a;- 352 / + 4 = 0, 
have a common radical axis. 

10. Find the equation of the circle whose diameter is 

the common chord of the circles as®+ 2 /* + 2 a;+ 82/+1 = 0 
.and a;® + 2 /®+ 4 a; + 32 / + 2 = 0. [27.C7.] 

11. Find the length of the common chord of the circles 

‘ (i) a;®+ 2 /®“12®+ 162 /-69 = 0, 

a;® + - 9a; + 12y - 59 = 0. 

(ii) (x 7 p)® + ( 2 / - qV =r®, (a; - q)® + ( 2 /- p)® = r®. 



SYSTEM OF CIRCLES 


127 


12. Find the points of intersection of the two circles 

+ y* - 2a? + 4'j!/ - 4 = 0, a;* + + 4a; - 2?/ - 4 = 0. 

13. Show that the lines joining the points of intersec¬ 
tion of the circles a;^ + - 14a; +2?/+ 25 = 0, a;^+ 1 /® - 7a? 

+ y = 0 to the origin are at right angles. 

14. IfZi; + m// + w = 0 is a tangent to the circle +y^ 
+ 2ga; + 2/j/+ c = 0, then it is also a tangent to the circle 

+.2{Sfx + 2/// c + kilx + m/y + n) = 0 for all values of k, 

15. Show that the two circles + 4a; — 6// “ 12 = 0, 

+y^ — 2x + 2// - 23 = 0 cut at an angle of 60”.i 

I If be the anjle between the tangents at the common point, r,, r, 
Ike \rad%i, d, the distance between the centres, then cos tft 

16. Find the equation of the circle which cuts ortho¬ 
gonally the three circles ; 

(i) a?^+?y^ = 16, a?^ +/y^ - 14a; + 40 = 0, 

a;“ + ?/2-12// + 32 = 0. 

(ii) x^ + y^ - 2x + 3y — 7 = 0, a;^ +//*+5a; - 5^ + 9 = 0, 

x^ + y/* + 7a; “* 9y/ + 29 = 0. 

(iii) a;* + j/^ = a®, (x-cY + 1 /"^ ^, x^+{y-b)^. 

[C. 17. 1039] 

17. Find the condition that the circle a?^ + y* + 2gia? 
+ 2/iy/ +Cl = 0 shall bisect the circumference of the circle 
iC* + l/’* + 2(3f2a'+ 2 / 2 ?/+ C2 = 0. 

[ The radical axis p>a>sses through the centre of the 2nd circle. ] 

18. Find the common tangents of the circles 

(i) x^ +y'^ — 22a; + ^y +100 = 0 ; 

a;®+2/*+22a:-4i/“100 = 0. [C. U-194:6] 

fii) a?*+ 2 /^ + 4a?+ 2y-* 4 = 0, a;^+ 2 /* “4a;-22/+ 4 = 0. 

[C. U.] 
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19. If the four points in which the two circles +y^ 

+ ax + by + c = 0t x^ +y^*+ ax + = 0 are intersected 

by the lines Ax-¥By + C==0t A'x +B'y+0^ lie on. 
another circle, then 

a-a' h-h' c- c =0. 

ABC 

A' B' C' [C. U.] 

[ Express the condition that the circles S+hL^O, S'+h'L' — 0 are 
identical. ] 

20. Show that the locus of a point which moves so that 
the tangents from it to two given circles are in a constant 
ratio is a co-axial circle. 

21. Find the radical axis of the co-axial system of 
circles whose limiting points are (—1, 2) and (2, 3). 

[ The point circles at the limiting points are <=0, =0, wher& 

S,=(a; + l)* + (i/ —2)* and /Sa=(aj —2)*+ ( 2 /—3)'^ ; so the radical axis is 

22. Ascertain the limiting points of the co-axial set> 
defined by the pair of circles : 

(i) £c® + 1 /=" - 20a;-16»/ +41 = 0, 
a;® + 2 /® — 30a; ” 24?/ + 41 = 0. 

(ii) a;® + — 6a; - 2i/ + 4 = 0, 

3(a;’* + y^^ — 16a; — 4|/ + 12 = 0. 
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PARABOLA 

8’1. Def. A parabola is defined as tlie locus of a point 
which moves so that its distance from a fixed i^oint called 
the Focus is equal to its perpendicular distance from a fixed 
line called the Directrix. The line passing through the 
focus and perpendicular to the directrix is called the Axis. 
The point midway between focus and directrix is called the 
Vertex. 

8*2. Standard Equation. 

To find the equaticyii of a parabola^ given its focus and 
directrix. 

Let S be the focus and MZ its directrix. From S draw 
SZ perp. to MZ. Bisect 
Si^atA. Ut SA^AZ 
= a. Then A is the 
vertex and ASN^ the 
axis of the parabola. 

Let us take A (the 
vertex) as the origin, 

ASX (the axes) as the 
x>axis and a line AY 
perp. to ASX as the 
2 /-axis. 

Then the co-ordinates 
of the focus S are (a, 0) and the equation of the directrix 
MZ is 

, £C + a=0. 

Let (Xf y) be the co-ordinates of any point P on the 
parabola. Join SP and draw PM perp. to MZ. 

9 
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From the definition of the parabola, SP = PM. 

SP'^^PM\ 

(x-a)‘^ + = {x +aYt 

t.e. - 2ax + + y^ —x^ + 2ax + a”. 

y® «= 4ax. 

This being the relation between the co-ordinates of any 
point on the parabola is the equation of the parabola. This 
is called Standard Equation. Throughout this chapter, 
this form of the equation will be used, unless otherwise 
stated. 

Cor. 1. The double ordinate LSL' passing through the 
focus and perp. to the axis is called Latus rectum. Obviously 
we have SL = distance of L from MZ = SZ — 2a. 

Hence Latus Rectum = 4a. 

Cor. 2. Two parabolas are said to be equal when they 
have the same latus rectum. 

Note. The following results which are of frequent occurrence arc 
collected together for ready reference 

(i) Co-ordinates of vertex (0, 0) ; 

(ii) Co-ordinates of the locus (a, 0) ; 

(iii) Equation of the directrix X'l‘a = 0 ; 

(iv) Equation of the axis y = 0 ; 

(v) Length of the latus rectum iBla. 

Peculiarities of the curve 

The parabola is symmetrical with regard to the x-axis i.e. the 
ajcis of the curve, since when — y is substituted for y, the form of 
the equation is unchanged. 

Again if x be not positive, there will be no real value of ij* This 
shows that no part of the curve lies to the left of the y-axis. 

i 

Lastly X can have any positive value however great and hence also 
y. Thus the curve consists of two branches, which are really continua¬ 
tions of each other, both extending to infinity, one lyin^ above and the 
other below'the axis. > . 
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8’3. Different Forms. 

(A) If the focus be situated 
‘directrix, the equation of the 
■parabola with the vortex as 
origin and the axis as rr-axis, 
jis 

'(Fig.®) 

since in this case the focus S 
is { —a, 0). The latus rectum 
however is a positive quantity 
. ind ofiiial to 4a. 

(B) Again the vertex being 



on the left side of the 



the origin, if the axis of 



Fig. Oil) 


•tlie parabola is taken as /y-axis, tlie equation of the parabola 

JS = 4a!/, (Pig- 00) 

x‘=-iay. (Fig. (in)) 

according as the focus is above or below the .T-axis. The 
latus reotuin in each case is 4a. 

8’4. Particular Cases. 

If the focus S is taken as the origin, tlio axis as aj-axis* 
:and a line through S perp. to the axis as y/-axis, then the 
‘CO-ordinates of S are (O, 0) and equation of MZ is a; + 2a =“ 0. 
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Hence from the property SP=PM\ i.e. w& 

have 

+ y^ = {x + ^aY, ' 

i.e, + lY = a?® + 4aa: + 4a®,. 

i.e, * 2 /® = 4a(a; + o), 

This is often spoken as the equation of the parabola toitk 
focus as origin. 

Similarly, if Z be taken as origin, and ZX as ic-axis and< 
ZM 2 /”axis, the equation of the parabola is 

U-2a)®+ 2 /® = 3!®, 
or 2 /® =4a(a;-a). 


8*5. General Equation. 

To find the equation of a parabola^ given its focus and! 
directrix. 


Let (a,/I) be the focus S and Zic + w7/ + n*0 be the- 
directrix (See Fig. of Art. 8*2). Let (ic, y) be any point P on. 
the parabola. Join SP and draw PM perp. to the directrix. 


Since 


SP=-PM. 
.SP® = PM®. 




This on simplification reduces to 
w*®£c® - 2lmxy + Z®?/® - 2a;{(Z® -hm®)a + In} 

- + m®)i3 + mn\ + (Z® + w®)(a® + j5®) - »® = O'. 

From above, we see that the terms of the secoUd degree 
i.e. w®a;® - 2lmxy + Z®i/® form a perfect square (mx ~ lyY.. 
This is a characteristic property of the equation of a. 
parabola* 


8*6. Locus of (i). y-ax^+bx+c, 

(ii) x-ay* + by + c. 
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’The first equation can be written as 



b® - 4ac 
4a 

•equation transforms into 



which obviously represents a parabola of which vertex is the 
new origin and axis is the new ?/-axis. Hence the equation 
nj=ax^ + feic + c always represents a parabola having its axis 

4 a 

1 
a 


^rallel to y-axiSt vertex ^ - 


h 

2a 


j and latus rectum 


J, the above 


Transferring the origin to | - 


h 

2a 


Similarly, the second equation can be written as 

ft® - 4tac\ 




4a 




Whence transferring the origin to | — 
•equation transforms into 

1 


h ^ __ h — 4ac 
2a 4a 


. the 


y 


a 


X, 


•which obviously represents a parabola whoso vertex is the 
new origin and axis is the now ic-axia. Hence the equation 

parabola having its axis parallel 
__ 6® - 4ac 
4a 


and latus rectum — 1/a. 


® = a.y + «!/ + c represents 

b 


io the x-axis, vertex 


(- 


2a 


Cop. As a particular case, the equations y — ax^+bx 
and X = ay^ + by represent parabolas having their axis 
respectively parallel to the ^>axis and a;-axis. 
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Note. It is clear from above that if any equation he linear in one- 
of the variables say x or y and quadratic in the other, then the equation- 
altcays represents a parabola whose axis is parallel to x-axis or y-axis- 
according as the equation is linear in x or in y. 


8*7. Position of a point in relation to a parabola. 


The point (xi, yx) lies outside, upon or inside the parabola' 
* ^ax according as - 4axi >— or < 0. 



Lot Q be the point {x^, y\) ; draw 
QN perp. to the axis cutting the 
parabola in P. Then the abscissa ol 
P is and its ordniate is FN. 

Hence PN^ = 4aa;i. 

Now, Q lies outside, upon or inside- 
tlie parabola 

if > = or < PiV^ 

i.e. if > = or < 4airi, 


i,e, if ” 4aa;t > = or < 0. 


8‘8. Focal Distance of a point. 

Let {xxi y\) be the co-ordinates of a point P. [.See fig., 
of Art. 8'2] Then its focal distance 

*= SP = PJlf = 4N- Xi + a. 

8*9.. Intersection of a line and a parabola. 

To find the pcnnts of intersection of the line 

y — mx + c, ... (1) 

with the parabola y^ ^ax. *•* ... (2) 

Substituting the value of y from (l) in (2), we get the 
equation for the abscissas of the common points of (1) and 

(2), viz. (mx + cy^^ax, 

or + 2(wc - 2tt)a! + c® *= 0. ••• (3) 



PARABOLA 


135 


Similarly eliminating x between (l) and (2), we get the 
quadratic for the ordinates of the common points viz. 

w//® - Aay + 4ac = 0. ... (4) 

From (3) or (4), it is clear that a line intersects the parabola 
in two points, real, coincident or imaginary. The points 
will be real, coincident or imaginary according as the roots 
of either quadratic say (3) are real, coincident or imaginary 

i.e. according as,4(mc —2a)® - 4m®c® >= or <! 0 

i.e. ,, a{a-me) > = or < 0, 

^ ^ a 

t,e. „ c < = or > - • 

m 

It should he noted that the ordinates of the points of 
intoi’section can also l)e obtained by substituting two roots 
say a?!, of (3) in (1), thus y\ — mx \ + c, y^ — mx^ + c. 


8‘10. Tangent at a point. 

To find the equation to the tangent at the point (rri, y^) of 
the parabola if' — ^ax. 

Let P be the given point {./‘i, y\) and Qix^^ y^) be a 
point on the parabola very close to P. 

The equation to PQ is 


iPl“a-2 



Since P, Q lie on y‘^ = 4aa:. 

yf~iaxi, and y 2 ^—^ax 2 . 

?/i“?/2„_4a. 

X 1 -X 2 1 / 1 + 2/2 


( 2 ) 


by (2), the equation of the chord BQ becomes- 
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When Q comes to coincide with P, the secant PQ 
becomes the tangent at P ; in this case 7/2 Hence 

putting yz-yiin (3) the equation of the tangent at P is 

/ \ 

QT yyi-yi.^==2ax-Qaxx, 
or -yvi- Aaxi = 2ax-2ax-i. 

yyi-2a(x+xi). 

Cor. Tangent at the vertex (0» 0) is x = 0. 


811. Condition of tangency of a line. 

To find the condition that the line y — mx 4-c ••• (l) shall 
tauch the parabola y^ — Aax, ••• (2). 

The abscisses of the points of intersection of (l) and (2) 
are given by the roots of 

(mx + cf == Aax, 

i.e. of +2(mc-2a)£c4-c^ = 0. ... (3) 

The line (l) will touch (2) if the two points of inter¬ 
section are coincident i.e. if the tw'o roots of (3) are equal, 

i.e. if A{mc-2aY — , 

i.e. if - 4a?wc + 4a® =0, 

t.e. if c z:* 

^ m 


n 

Hence the line y“mx+“ is always a tangent to 

the parabola "^Aax^ whatever be the vahie of m:' Here m 
is the tangent of the angle which the tangent makes with 
the oj-axis. ‘ 1 


Also any of the equal roots of 
the point of contact. Thus, 




2a-wc 

*«8 

m 



( 3 ), gives the abscissa of 


since c 


a 

m 
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A • . a a 2a 

Again, ^t=ma;i + c = m* 2+ “ 

Wt mm 

co-ordinates of the point of contact are |~ 2 » “I* 

\m m f 

Alternative Method : 

Let (a?i, Vx) be the point where the line (l) touches the 
parabola (2). The .equation of the tangent at (iCi, yx) to 
(2) is yyx’^^ax + ^axx *•* ••• (3) 

( 1 ) and ( 3 ) must represent the same line. 

1 in c 

2a c , 

• • 1/1 “ » dJi = • ••• ••• (4) 

m in 

'1 A • 4<i^ 4ac 

oinco ?/i =4axi. . . 2 “- 

w m 

c^ajm is the veqd. condition of tangency, 

Substituting the value of c in (4), we get the co-ordinates 
of the point of contact viz. {ajm^, 2aim). 


8'12. Normal at a point. 

To find the equation of the normal at the point {xx^ yy) 
to the parabola y^ — 4ax. 

The tangent at (xi, ^i) is y^ x+ Xi* ••• (l) 

X. 1 

Any line through (xi, y i) is y — yx~ “Xi) (2) 
If ( 2 ) be noripal at (xi, yx), it must be perp. to (l). 

2a ^ . V\ 

mx =-i i,e. * 

1/1 2a 

the reqd. equation of the normal is 

y-yi -(x-xi) — (1) 
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Alternative form (m-form). 

Let us put - ? “ ^ . 3/3 = “ 2 am. 


Hence Xy 




2 

-^am 


2 


Substituting these values of in (l), the equation 

of the normal at (am*, - 2 aw) is 

y + 2 am =»«(« - am *), , 

i.e., y = mx - 2am - am®. 


Note. Here m is the tangent of the angle which the normal at- 
any point makes with the x-axis. 


8*13. Number of tangents from a point. 

To show that from any poini there can he draion tiuo 
tangents to a parabola. 

Let (aJi, 1 / 1 ) be the point and the equation of the 
parabola be 2 /*= 4 aa*. ••• ••• ( 1 ) 

The equation of any tangent to the parabola (1) is 

y"=mx+ ( 2 ) 

m 

where m is a variable parameter. 

Let us choose the parameter m so that (2) may pass 
through (oji, 3 / 1 ). 

- . 3/1 “ mxt + - 
m 

or, m*a?i-mi/i+ a='0. (3) 

The “equation being a quadratic in m gives two values of 
m, each of which being substituted in ( 2 ) leads to a tangent 
through (iCi, y±). 

Evidently, the two taiigents from (aJi, yi) will be real^ 
coincident^ or imaginary according as the roots of (3) are 
real, coincident or imaginary ; that is 

according as - 4aaJi > =“or < 0, 

i.e, according as the point (xx, yt) is outside^ upon or 
inside the parabola, [Art, 8'7\ 
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8'14. Pole and Polar. 

The Pole and Polar with respect to a parabola are- 
defined exactly in the same way as in the case of the circle. 

[Art. 6'12\ 

(A) To find the polar of the point (cCi, w. r. t. the 
parabola 

If the points ot contact he A{x 2 i Vz), Bix^, y^) the- 
tangents at these points ai’o 

2/7/a =2a{x + X 2 ). 

2/2/3 “ ^a{x + X2). 

'both these tangents pass through P(xx% Vx)* 
we have 

2/i2/a =2a(a;i +X 2 ). 

2/i2/a *=2a(a;t -faja). 

These relations show that the two points A, B are- 
situated on the line 

yyi -2a(x + xi), 

wdiich is therefore the reqd. equation of the polar of the 
point (xi, 2 / 1 ). 

(B) To find the pole of the line lx + my + n = 0 with 

respect to the parabola = da®. 

Lot (®i, ^ 1 ) be the required pole. 

The polar of (®i, 2 / 1 ) with respect to y‘^ =4a® is 

2/^1 =2a(® + ®i), 
i.e. 2a® - yy^ + 2a®i = 0, 

This must be identical with 

lx + my + w = 0. 

. 2a ^ - 2/1 ^ ^®i ^ 

'' I m n 

n 2am 

•• - -p- 
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8*15. Properties of Pole and Polar. 

(i) If the polar of a point, P w, r. U a parabola passes 
through Q, the polar of Q passes through P. 

Let the co-ordinates of P, Q be (aft, t/i), t/2) and let 

the parabola be y* ••Aax. 

The polar of P is yy^ =2rt(« + a;i). ••• (l) 

The polar of Q is " 2a(a; + X 2 ). ‘ ••• (2) 

If (1) passes through Q, then 

yuVi.’^^aix^+Xi) 

'which is exactly the condition that (2) passes through P. 

(ii) The point of intersection of any two lines is the pole 
of the line joining the poles of the lines. 


The proof is the same as that given in Art. 6'13. 

(ii) If the pole of the line lx + my +n = 0 w. r. t a para¬ 
bola lies on the line I'x + m'y + n = 0, then the pole of the 
tine I'x + m'y + n ^0 lies on Ix + mx + ■■ 0. 

Pole of lx + my + »= 0 is | ^ • • • (l) 

Pole of + 71^*= 0 is __2amj^ ^2^ 

Since the pole (l) lies on Vx + m'y +n =0. 

. . I -m .~j- + n = 0, 

Le. In - 2amn + Vn « 0, 

'which is exactly the condition that the pole (2) lies on 

lx +‘my + n ■■ 0. 


8'16. Chord of contact. 

•f 

From the definition of the polar of a point, it is clear 
that the polar of a point is nothing but the chord of contact 
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produced infinitely both ways. Henee the equation of the- 
chord of contact of the tangents drawn from a point (xu Vi) 
is to be obtained exactly in tlio same way as in the case of. 
the polar of the point (Art. 8‘14) and its equation is 

yyi-2a(x+Xi). 

Note. It should be noted that the eqiuUion of the taiigent at(a;xtyi)r 
equation of the polar of the point (xj, y^) and the equation of the chord 
of contact of tangents drawn from (xj, fyj are identical in form. 

8*17. Illustrative Examples. 

Ex. 1. Find the equation of the parabola whose focus is (—8, —2) 
and directrix is ?/ = 2a; - 9. 

Let P(x, y) be any point on the parabola. Since the distance ofi 
any point on a parabola from the focus is equal to its distance from 
the directrix, 

Squaring, 5{(x+8)’ + {y + 2)^} = (2x - ?/ - 9)’, 

or x’+4 x^ + 42/'*+11Gx + 22/+259 = 0. 

Ex. 2. Find the directrix of the parabola whose focus is (3,4) and' 
vertex (0, 0). 

Since vortex is midway between the focus S and Z (the point of 
intersection of the axis and directrix). 

Z is (-3, -4). 

Now the axis of the parabola being the jpin of (0, 0) and (3, 4), 
Its ‘m’ is 

The directrix being the line through J?, perp. to the axes, its- 
equation is 

, 2/+4=-it(®+3), 

or 3x + 47y + 25=»0. 

Ex. 8. Find the length of the chord intercepted by y^ — iax om 
y^^mx+c. 

Let (Xi 2/i)i {Xii Vi) be the common points of intersection. 
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The abaoissee of the common points of the parabola and the line are 
foots of 

(mx+cy =>4ax, 

or tn*'*®*+ 2a!(mc-2a) + c“=0. ... (1) 

Now, from (1), (®i —+a; 9)®-4®,a;a 

_ 4(mc — _ 4 

~ in* 111 * ~ m* 


And yi=mxi+e, 

• • 2/i y>i—m{x 

If D be the reqd. length 

D* = {xi-x.j)* + (2/1 “ {x 1 - fa)’ +m’(a:j -®a)’ 

lfia{l+m*) 


fir 


(a — me). 

-whence D can be obtained. 

Ex. 4. Show that the locus of the foot of the perjoendicular from the 
focus upon any tangent of y* <= iax is the tangent at the vertex. 


Lot y — mx+ ^ ... (1) be any tangent. 


m 


The line through focus (a, 0), perp. to (1) is 


or 


y= “ 

m 

I , a 
y= — x-f - 
^ m m 


( 2 ) 


Subtracting (2) from (1), ^m+ jx = 0. 


Hence the reqd. focus is x = 0, the tangent at the vertex. This 
• called the positive pedal of the parabola w. r. t. the focus. 


Ex. 5. Two equal parabolas have the same vertex and their axes are 
■ at right angles. Prove that the common tangent touches each at the etui 
,of its latus rectum. 

{C. U. 1935, ’39, '44] 

Let the equations of the parabolas be 

j/* = 4flx. ... (1) 

x*’^4ay. ••• ( 2 ) 
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Now, y=mx+ ^ is a tangente to (1). I£ it also be a tangent to 

(2), the the quadratic giving tho absoissse of the points of intersection 
viz. 



or mx'^ — iam’^x — 4a" = 0 

must have oqual roots, tho condition for which is IGa^w* = — 16<x* 
i.c. m ®“—1 i.e. ?»=* - 1 . 

Hence the equation of the common tangent is 
x + y + a-0. ... (3) 

Suppose this tangent touches ( 1 ) at (j;,, 7 /,). The langent at 
Vx) is 

‘lax-]|lf^■¥2ax^=0, ... (4) 

Ort -j* 

Comparing (3) and (4), 2 rt =—//,=— '• 

Of 

Xt—a, if, = —2a, which point is obviouslv one 
end of tho latus rectum of (Ij. Similarly it can be shown that the 
eommon tangent touchs (2) at one cud { — 2a, a) of its latus rectum. 


Examples VIII(A) 

1. Find tlu' equation of the parabola 

(i) wliose focus is (l, - 1) and divccti'ix is 
r + !j + 7 

(ii) whoso focus is (5, 3) and directrix is 
3.r - 4// + 1 = 0 ; 

(iii) whose focus is (O, 0) and tangent at the vertex is 

X — IJ +1 = 0 ; 

(iv) whose vertex is ( - 2, 2) and directrix is 

£c + ?/ - 4 = 0 ; 

(v) whose focus is (- 6, - 6) and vertex is (-■ 2, 2) ; 

(vi) whose vertex and focus are on the ar-axis at 
distances a and b (b > a) from the origin respectively. 
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2. Fine the vertex and axis of the parabola whose focus 
is (3, 4) and directrix is So; + 43/ + 25 == 0. 

3. Find the vertex, focus, axes, directrix and latus 
rectum of each of the parabolas 

(i) 4i/® - 20 j; - 82 / + 39 = 0, 

(ii) 5®® + 16 j 5 - lO'i/ -4 = 0, 

4. Find the equation to the parabola whose axis is 
parallel to 3/-axis and which passes through the points 
(0. 2). (1, - 3), (4, 6). 

5. Show that the equation of the parabola, which 
passes through the points (iCi» 3/1), U2. 1/2)1 (073,1/3) and 
whose axis is parallel to //-axis, is 


y 


X 

1— » 

11 

0 

• 

2/1 

xi^ 

Xi 

1 

1/2 


X2 

1 

2/3 


Xs 

1 


6. Find the positions of the following points w. r. t. the 
parabola 1 /'* *= 4aa; :— 

(2. - 1), (1, 4). (- 3, 4). 

7. Find the vertex and latus rectum of the parabola 

a: = u cos a. i, 
y^u sin a. t- 

where j is a variable parameter. 

[ Eliwmaie t between the equatimis ; then U will reduce to the form 
y^ax^ + bx ]. 

8. Show that the equation of the chord of the. parabola 
3/® = 4aa; through the points {x^, 3/1), (x^, 3/2) is 

(v - yi.){y - 1/2) ”3/® - 4 ajr, 

and hence deduce the equation of the tangent at {x^, y%), 

.9, The co-ordinates of the ends of a focal chord of the 
parabola 3/* = 4aa7 are («!, 3/1), (aja, Prove that 

3/1^2+ 4a?ia!a»0. 
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\10. (i) Show that the line lx + my + n = Q touches the 
parabola y^ = Aax if am^ - wZ = 0. 

(ii) Show that the line x cos a + y sin a — p = 0 touches 
the parabola y^ ~ 4:ax if p cos a + a sin^a = 0 and the point 
of contact is (a tan “a, - 2a tan a). 

11. Show that the lino y = m{x + a)+- touches the 

m 

parabola y^ = Aa{x + a) for all values of m. 

12. Find the equations of the tangents and normals at 
the ends of the latus rectum of = 4:ax. 

13. Find the equation of the tangent to y^ — 8a; which is 
(i) parallel to 2a; — 3?/ + 1 = 0, 

(ii) perpendicular to a; + 2?/ + 7 = 0. 

14. Find the point of the parabola y^^ = 4aa; at which the 

normal is inclined at 30** to axis. [C. f7.] 

15. Prove that the tangent and the normal at any point 
of a parabola meet the axis at points which are equidistant 
from the focus. 

16. Fiqd the angle at which the two parabolas y^ = ^ax, 

x^ = 452/ cut one another. [C. U.] 

17. Prove that two parabolas which have the same 
focus and whose axes are in opposite directions cut 
orthogonally. 

[ Take the common focus as origin and the common axis as x*axis. } 

18. • Establish analytically the following results 

(i) The subtangent at any point of a parabola is 
bisected at the vertex. 

(ii) The subnormal at any point of a parabola is 
constant and equal to semidatus rectum. 

(iii) If SF be perpendicular from the focus upon the 
tangent at any point P of a parabola, then 
SY^ - A S,SP, Hence deduce p® — ar, 

(iv) If the normal drawn at P intersects the axes at (Gf, 

♦ show that PO^ ** 44 S.SP, 


10 



146 


CO-ORDINATE GEOMETRY 


19. The normal to the parabola = Aaac at (awi®, 

- 2ami) meets the curve again at (aTO2®, - 2am2). Show 

that Wi®+ wi?W2 + 2 = 0. [0.(7.] 

20. Find the locus of the foot of the perpendicular from 
the vertex on the tangent at any point of t/® = Aax. 

21. Prove that the locus of the poles of a series of 
parallel lines w. r. t. a parabola is a line parallel to the axis. 

22«. Show that the locus of poles of'chords of y^^Aax 
which subtend a right angle at the vertex is a line perpendi¬ 
cular to the axis. 

23. Show that the locus of poles of tangents to = 4ajc 
w, r. t. ?/® = ^hx is 1/® = 4ca; where c — b^la. [C. (7. 1942] 

24. Two equal parabolas A and J5, have the same vertex 

and axis, but have their concavities turned in opposite 
directions. Prove that the locus of poles w. r. t. B of 
tangents to A is the parabola A. [C. U. 1939] 

25. Prove that the locus of the poles of tangents to 
l/® + 4aa; = 0 w;. y. a;® + 2/® + 2ar-3a® = 0 is x^+y'^-2ax 

- 3a® = 0. 

26. Find the locus of the poles of the normal chord of 
y® = 4aa?. 

27. If a circle be drawn so as always to touch a given 

line and also a given circle, prove that the locus of its centre 
is a parabola. [C7. U. 1940] 

[ Take the cerUre of the given circle as origin and the line through it 
parallel to the given line as x-axis, ] 

28. Prove that the normal chord of a parabola at the 

point whose ordinate is equal to its abscissa subtends a 
right angle at the focus. [C. U. 1940] 

'v29. ' Show that the tangents at the extremities of a 
ifocal chord of a parabola m^t on the directrix. [0.(7. 1943] 

30. Show that the locus of the point of intersection of 
tangents at the extremities of any chord of y® = 4aa; w^ioh 
subtends a right angle at the vertex is a; + 4a ^ 0. 
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31. Show that the line a; - 2?/ + 6 = 0 is a tangent 
to the parabola - 4aj — li/ +16 = 0. 

32. Prove that the line Zic + mi/ + n=*0, touches the 
parabola ?/* ■= 4a(a; - h) if aw* “ W* + nU 

>33. Find the common tangents of 
^ (i) y^- Iflic and a?* * 4fej/ » 

(ii) 2/* “ 8aa; and ic* +1/* = 2o*. 

34. Show that the point of intersection of two perpandi- 
•cular lines one of which touches i/* —^a{x-^a) and the other 
I/* = 46(a3 + ft), is on the line ic + a + ft = 0 wliich is the 
common chord of the two parabolas. 

35. A point moves in such a way that its distance from 
a given line is equal to the length of a tangent drawn from 
the point to a given circle. Sliow that the locus of the 
point is a parabola. 

[ Take the centre of the given circle as origin and a line parallel to 
like given line as x*aa)is. ] 


8*18. Diameter. 

To find the locus of the middle points of a system of 
parallel chords of the parabola j/* *= 4aa3. 


Let us represent any 
<shord PQ of the parallel 
isystem in the form 

y = mx + c, • • • (l) 

where m has a fixed value 
And c is different for 
•different chords. 

Now PQ meets the 
parabola in points whose 
ordinaates re given by 


* 

» e. my^ — iay + 4ac ■** 0. 

»'i r. 



(2) 
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Let the roots of the equation- ke. the ordinates of P, Q‘ 
he 2/1,2/2 and let (®, y) be the co-ordinates of the mid-point? 
V of the chord. 

Then, »=_ 2“ (2) 

Tfl 

= constant ('independent of c).. 


Hence V lies on the line 

1 


y 





(3)- 


which is parallel to the axis of the parabola. 


Thus, the locus of the mid-points of a system of parallel 
chords of a parabola is a line parallel to the axis of the- 
parabola. 

Cor. 1. The axis of a parabola is a diameter which is- 
perpendicular to the chords it bisects. 

Def. The locus of the middle points of a system ofi 
parallel chords of a parabola is called a Diameter and the: 
chords bisected by it are called the double ordinates. 


8*19. Equation of a chord in terms of its middle- 
point. 

To find the equation of a chord of — 4ax in terms of 
its middle point {x^t y\)» 

The equation of. any chord through-(«!, yx) ie 

y-yx^mix-Xx). ••• . ••• ( 1 ) 

Let (x\ y')t {x'\ y') be the points of intersection of this- 
chord and the parabola. The ordinates of the points of 
intersection of the chord and the parabola are given by the 
roots of the quadratic in obtained by eliminating 
between (1) and * 4ax i,e. by 

\ Wl 

or my - 4ay + 4ayx ~ 4ama?i -* 0. 
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^ow, 


Vi 

m = 2alyx» 


y' + y'^ _^a 
2 2m m 


Subatifcufcing this vfilue of m in (l), the required equation 
•of the chord is 

(y“yi)yi “ 2 a(x-xi). 


8'20. Pair of tangents from a point. 

To find the equation of pair of tangents from Cri, 2 / 1 ) to 
.the parabola y^ -= iax. 

Tlie equation of any line through (xi, is 

?/-?/i = w(a:-a?i), ••• (l) 

or y = mx + yi-mxj_. 

If it touches //*'* = 4aa7, 

then, i/i-mi;t= [Art. 8'11] ••• (2) 

m 

Now eliminating m between (l) and (2) i.e. substituting 
the value of m from (1) in (2), we got the e(|uatioii of the 
;pair of tangents as 

7/1 — -.—j; 1" - » 

x-Xi_ y-Vx 

or (rcjtyi - ijx^){y - yj) = a{x - x^f. 

This when simplified can bo put in the form 

(?/*'* - 4aa?)(7/i® - Aaxi)=‘{yyx- 2a{x + a;i)p. 

8'21. Parametric Representation. 

Since x — at^, y = 2at satisfy the equation of the parabola 
y® “ 4aiC whatever be the value of co-ordinates of any point 
on the above parabola can be represented by 

X - at*, 
y-2at. 

By eliminating we get the equation in x, y ; the point 
whose co-ordinates are {at^t 2a^) is, for sake of brevity called 

the point “t”. 
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8*22. Equation of the chord in pararaetrie 
co-ordinates. 

To find the equation of the chord of the parabolof 
*= iax joining the points (aii®, 2a<i), ( 0 ^ 2*1 2 fl< 2 )- 

The equation of the line joining the points, is 

x-a tx^ _^ y - 2ati 

^ati~2ata 
x-at±^ y-2atx 
<1 + ^2 ” 2 ’ 

or 2x-2atx^ = {tx + t 2 )(y~^ah), 
or y(ti+tB>—2x+2alita. ••• (1) 

(A) Eqaatlon of the tangent. 

Putting tx'=ts=‘ t, in (l), the equation of the tangent 
at 'V is 

ty^x + at^. . *•• (2) 

(B) Equation of the normal. 

Hence the equation of the normal at is 
y - 2at = -t{x- at ®), 
or y + tx~2at +at^. ••• (3) 

(C) Point of interaeetlon of tangents. 

The point of intersection of tangents at‘t’j and ‘^’2 - 

of txV^x + atx^ and t2V = x + at2^ is fa<i^2i dUx + <2)}. 

(D) Geometrical meaning of t. 

Since the equation of the tangent at *t’ is 

y ~x + at, 

it follows that ^ **tan 6 i.e. ^“cot 6, where B is the angle- 

which the tangent makes with the ir-axis. Hence the 
geometrical interpretation of *t* is that it is the cotangent of 
the angle which the tangent at the point makes with the 
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(E) Focal chord. 

The equation of the chord joining the points *t\ and 
V2 is 

7/(^1 + ^ 2 )“ 2a; + 2a^ii2. 

If it passes through the focus (a, O). 

2a + 2aiii2 = 0. 

. ^1^2” ”1* or ^2 “ l/^i" 

for a focal chord whose extremities are 7’i, ‘^'2* 

we liavo 

tit2 = “ 1. 

Tlie ends of a focal chord can therefore be represented 
by {at^,2at)t {a(t^, -'2aW. 


8*23. An Important Locus. 

The locals of the point of intersection of a pair of 
f)erpendicular tangents to a parabola is the directrix. 

Any tangent to the parabola is 

y = mx+ - • 
m 

If it pass through (iTi, 1/1) 

yi = mxi+ » 

m 

or vb^^Xi-myx +a = 0. ••* (l) 

If Wi, m >2 be the roots of (l), then = a/aJi, (2) 

and the equations of the two tangents are y — m^x + ^ 

7»x 

and 7/*= mgif + ^ - Since these tangents are perpendicular, 

“1 and hence from (2), = i.e. aJi + a^O. 

locus of fei, ?/i) i.e. of the point of intersection of the 
perpendicular tangents is the line £c + a = 0, which is the 
directrix. 
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Cor. The chord of contact of the two perp. tangents 
drawn from (®i, 2/1) i.e> from is yy±=‘2a{x- a) 

which being satisfied by (a, O) passes through the focus. 
Thus, the locus of the intersection of a pair of orthogonal 
tangents to a parabola is the directrix and the associated 
chord of contact passes through a fixed point viz, the focus. 


Alternative method. 

Any tangent to the parabola is 


y — mx+ » 

" in 

- (1) 

and a perpendicular tangent is 


1 

y= - X“‘am. 

... (2) 

Let (iCi, yA be their point of intersection. 


a 

y.=mx,+ 

% 

... (.3) 

1 

yx‘=-—Xj_-am, 

• w 

... ( 4 ) 


Subtracting (4) from (3), 


/ 1 \ . 

1 1 \ 

(wi+ lx, + 

|w+ )( 

\ mj 



i.e. aji+a“0 

.’. locu^ of (®i, yi) is the line «+a=0 which is the directrix. 

8‘24. Number of normals from a point. 

To prove that in general three normals can be drawn 
from a point to a parabola and the algebraic sum of the 
ordinates of the feet of these three normals is zero. 

The line y = mx- 2am - am^ * • * (1) 

is a normal to the parabola at the point 

(aw®, -2aw). 


• • • 


( 2 ) 
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If this normal passes through a fixed point (fe, k) then 
k = mh — 2am — am^ ^ 

or am^ •^{2a-‘h)m+k — 0. ••• (3) 

The equation, being of the third degree in m, has three 
roots (real or imaginary), corresponding to each of which 
there will be a normal. 

Let 77ii, m^ he the roots of (3), 

then mi + m 2 + m3 = 0. [Art. I'lO] 

If ?/ii ?/2i Va he the ordinates of the three feet, then by 
(2), wo get 

?/i + //a + Ha = “ 2a(mi + m2 + m3) = 0. 

Cor. From the vertex of the parabola only one real 
normal can be drawn. 

Note. Tho points on the parabola the normals at which meet in a 
point are called co-mrmal points. The co-ordinates of the co*normal 
points (or the feet of the three normals) are 

8‘26. Polar Equation. 

To find the polar equation of a parabola with the focus as 
the pole and the axis as the initial line. 



Let (r, 0) be the polar co-ordinates of any point P on the 
parabola. Draw PN perp. to the axis. Join SP. 
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Then, /LXSP-^e. 

r= SP= PM^ ZS+ SN^2a-irr C09 0, 

r(l-cos 0)= 2a. 


2a 

1 - cos © 



1 - cos e. 


Note, ir SZ be taken as the positive direction of the initial line 
and A.ZSP^d, then the equation of the curve is 

2 a 


8*26. Illustrative Examples. 

Ex. 1. Every line parallel to the axis o f a yarahola may he regarded 
as a diameter. 

Let any line parallel to the axis be 

jy = \, ... ••• (^) 

Suppose it bisects a system of chords parallel to y^tnx. 

Then its equation will be 

y^2alm ... ( 2 ) 

Comparing (1) and (2), we see .*. »w=2a/X.^ Hence 

the line ( 1 ) bisects the system of chords parallel to 
thus it is a diameter. 

Ex. 2. The tangents at the ends of any chord of a parabola, meet on 
the diameter which bisects the chard. 

Let PQ be any chord and lot its equation be 

' y’=mx+c ... ..• (1) 

and let the tangents at P, Q meet at the point B (x^, yi). Then PQ is 
the chord or contact of tangents drawn from B and -hence its 
equation is 

y?/i=2a(a;+aj,). ... ... (2) 

Comparing (2), with (1) wo have 

y^^2alm. 

This shows that the locus of {Xi, yi) i.e. of the point of intersection 
of tangents is y=2ajm, which is no other than the diameter bisecting 
the system of chords parallel to ( 1 ). 
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Ex. 3. Find the locus of the point of intersection of (t pair of 
tangents to « iax, the angle included between them being always a. 

What happens i/ a = Jir ? 

The line 7/ = wia+ is a tangent to —^ax for all values of m. If 

this lino be a tangent from (jc,, j/i), we have 

«, —mXi H-1 

* m 

or m^Xt—myi+a==0. ... ... (1) 

Let nig, be the roots of (.1); then the two tangents from (X|, yi) 
are given by 

, rt a 

= - 1 y = mgX + 


m. 


m- 


Since a is the angle between them 

, m, —vi., 

tann=v---—- • 
l + m^nig 

Now, (w, — Wa)* = (mi +mi)* — 

— 4aa:, _ 


®i 




X, 


]+m,7na = l+ ^ 

* • ff 't*. 


•C I iZ> I 


( 2 ) 

(3) 

(4) 


From (2), (3), (4) we get 

. , 7/,® —4aar, 

tan’ o = -7-,—, 

or j/,’— 4aa;, =(«+.!;,)® tan® a. 

.’. the locus of (xi.jyJ i.e*. ofthe point of intersection of the 
tangents is 

7/® — 4ax = (o+®)® tan* a. 

[ This curve is a hyperbola; see ChapterX .] When a=:^7r, we find 
from (2), l + mi7>i.j=0, i.e. l + -®-*=0, i.c. Xi+a^^O, 

X, 

Hence the locus in this case is x+a»0, the directrix. 


Examples VIII(B) 

1. Find the co-ordinates of the extremity of the 
diameter which bisects a system of chords parallel to y = mx 
and show that the tangent at that point is parallel to its 
ordinates. 
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2. Show the sum of the ordinates of the extremities of 
' any chord of a parallel system is constant. 

8. .Prove that the locus of the middle points of a series 
■of chords of a parabola drawn through the vertex is a 
parabola. 

4. Show that the locus of tlie middle points of the 
focal chords of a parabola is a parabola with its vortex at 
the focus of the first. 

5. Find the locus of the mid-points of the chords of 

= 4aa;, which pass through a fixed point (fe, fc). [C. U.] 

6. Find the locus of the mid-points of the normal 
chords of the parabola ?/* = 4au;. 

7. Find the locus of the middle points of the chords of 

a parabola which subtend a right angle at tlie vertex and 
prove that all these chords pass through a fixed point on tlie 
axis of the curve. LC. U. 1937] 

8. Find the locus of the middle jioints of the chords of 
contact of orthogonal tangents to the parabola y '^ = 4ax. 

9. Find the middle point of the line 4a;-3y + 4 = 0 
intercepted by the parabola = 8a;. 

10. Prove that the locus of the middle point of the 
chord intercepted by the parabola = 4fta; on any tangent 
to y^ +4ax = 0 is a parabola. 

11. Find the equation of the pair of tangents from 
(l, -4) to y^ = Qx. 

12. Find the length of the chord of contact of tangents 
drawn from {xx, Vx) to 2/^ *= 4aa;. 

13. Find the area of the triangle formed by the two 
tangents drawn from (a;t, ^i) to 2/* “ 4aa; and its chord of 
contact. 

\ 14. Show that the point whoso co-ordinates are 

a; = + 3, y *= 4i + 5, 

t 

t being a parameter, lies on a parabola and find its, equation, 
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15. Find the point of intersection of the normals at the 
points tx%t 2 ‘ 

16. If the normal at the point meets tiie parabola 
again at then show that 

t2 — ~“ 7 "’ 

17. Show that the semi-latus rectum is a harmonic mean 
between the segments of any focal chord of a parabola. 

18. Prove tliat the normals at tlio extremities of a focal 
chord of a parabola intersect at riglit angles. 

19. If the sides of a quadrilateral inscribed in the 
parabola y^ = Aax make angles 6 i, 02 , 63 , O 4 with its axis, 
show that 


cot 01 + cot 63 = cot 02 + cot 04 . 

20. Prove that the distance of the focus from the 
intersection of two tangents to a parabola is a mean 
proportional between the focal radii of the points of contact. 

[C. U. 1941] 

21. Find the locus of a point the two tangents drawn 
from whicli include an angle of 

(i) 60". (ii) 45". (iii) 30". 

22. Find the locus of the point of intersection of the 
tangents to a parabola at two variable pionts ^1,^2 such that 

/--a + " 2' “ ^ (a constant). 

tt 12 

23. Find the locus of the points of intersection of a 
pair of tangents to a parabola of which 

(i) the product of the cosines ; 

(ii) the difference of the cotangents 

of the angles of slope is constant and equal to k. 

24. Show that a circle described on a focal chord of a. 
parabola as diameter touches its directrix. 
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25. Show that a circle described on a focal radius of 
a parabola as diameter touches the tangent at the vertex. 

26. Find the co-ordinates of the feet of the three normals 
to the parabola — Qx from the point (30, 24), 

[ Use the cubic (3) of Art. 8‘24, ] 

27. Find the equations of the three normals to j/* = 8a; 
which pass through (18, 12). 

28. The normals at three points P, Q, B of y^ — Aax 

meet at the point (fe, ft). Prove that tlie G.G. of the 
triangle PQB lies on the axis at a distance |(ft — 2a) from 
.the vertex. U.] 

29. If the normals, at points ti, tz meet on the 
parabola then »2. 

30. Find the length of the focal chord of the parabola , 
-which is inclined at an angle of 60** to the axis. 

31. Show that the least focal chord of a parabola is the 
iatus rectum. 

32. In the parabola, prove that 

(i) the sum of the reciprocals of the segments of any 
local chord is constant ; 

(ii) the sum of the reciprocals of two perpendicular 
local chords is constant. 

[ Use polar equation. Art. S'25, ] 

33. Show that the area of the triangle inscribed in a 
j)arabola is double that of the triangle formed by the 
tangents at the vertices. 

34. Show that the orthocentre of the triangle formed by 
.three tangents to a parabola lies on the directrix. 
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9*1. Definitions. 

An Ellipse is the locus of a point which moves so that 
its distance from a fixed point bears constant ratio, less than 
unity, to its distance from a fixed line. The fixed point is 
called the Focus, the fixed line the Directrix and the ratio 
is called the Eccentricity, usually denoted by d, (< 1). 

9'2. Standard Equation. 

To find the equation to an ellipse, given the focus, direc^ 
irix and eccentricity, 



Let S be the focus, ZK the directrix and e{< 1) be the 
eccentricity. From S draw SZ perp. to ZK and divide SZ 
internally at A and externally at A^ in the ratio e : 1, so 
that 

SA ^ SA' 

AZ A'Z 

Let G be the mid-point oi AA, Draw OY perp. to AA\ 
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Take C as origin and CX, CY as rc-axis and ^^axis 
respectively. Let AA' = 2a ; then CA = CA' ■= a. 

We have 

^SA^SA' CA-CS 
AZ’^AZ'^ CZ-CA 
» CA' ^a-CS ^ a+GS 
*“ A'C + GZ CZ'-a a+CZ 

s- s, 2a 
2a ’"2CZ 

CS = ae, ••• (l) 

and CZ = a/e. ••• (2) 


.'. focus is {ae, 0) and directrix is a: - ale = 0. 


Let (x, y) be the co-ordinates of any point P on the 
ellipse. Draw PN perp. to A A' and PM perp. to the direc¬ 
trix. From the definition of ellipse 

SP = e.PM. 

or SP^-=e^PM^, 

(a; “ ae)^ + ?/* « e^(a; - a/e)^ > 

i.e. 


i.e. 


X 


v‘ 


a* a*(l - e*) 


1 . 


(3) 


Putting a; —0 in (3), we find, y= ±ajl~-e^t which 
shows that the axis of y meets the ellipse in two points 
P, B' (which are real, since e < 1), lying on opposite sides of 
C, such that 

CB--GB'-^ajr-e^. 

Let us take CP «= CP *= 6, then 

b«-a“(l-e*), ... (4) 


Then the equation (3) becomes 


52 . if . 


• » • 


.T|iis 16 j)h« standard equation of the ellipse. 


f 

i t 


( 6 ) 
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Note 1. The points A, A' are called the vertleee, AA* the major 
axis, BB' the minor axis and C the centre of the ellipse. 

Note 2. If we take a point S' on the negative side of the origin 
such that CS'*»CS’=ae and another point Z' such that CZ'=CZ*=a(et 
and we 5raw Z'K' perp. to AA', PM' perp. to Z'K\ then it can be 
easily shown from the equation (5) that the relation S'P* ’^e*PM'^ 
is satisfied and hence S' is the second focus and Z'JS^ the second direc¬ 
trix. Thus the ellipse has a second focus and a second directrix. 

% 

Note 3. With reference to the above equation of the ellipse, the 
following results should be noted : 

(i) Co-ordinates of centre ; (0, 0). 

(ii) Co-ordinates of focii : (±ae, 0). 

(iii) Equation of Major axis : y=0. 

(iv) Equation of Minor axis: x»0. 

(v) Equations of Directrices : x«> ±a/e. 

(vi) Length of Major axis * 2a. 

(vii) Length of Minor axis ■■2b. 

(viii) Eccentricity :e*=^-j 5 ^‘ 

b* 

(ix) Latus rectum ■■2~‘ 

Note 4. From (6), wo have 

6» h* a» ' o*' ~. V " " ' 

Hence the relation (5) is equivalent to the well-known property of 

« 

the ellipse 

PN"^ : AN.A'N^CB'^ : CA^. 

Note 5. Peculiarities of the curve. 

(i) The ellipse is symmetrical about the origin, since by patting 
-X, -~y for a, y in the equation of the curve, the form of the equation 
is not altered ; so the origin is its centre. 

(ii) The curve is symmetrical about the x^oxis, (i.e, the major axis) 
since by putting —y for y, leaving x unchanged, the form of the equa¬ 
tion remains unchanged. Similarly, the curve is symmetricai about 
the y-axis ( i.e, the minor axis ), 

11 



m 


CO-OBDINATE GEOMETRY 


(iii) Since if i.e. if x has any value not 

lying between —a and a, y* is negative and hence y is not real. Simi¬ 
larly X is not real when y has any value not lying between -* b and h. 

This shows that the curve lies entirely within the rectangle formed 
by the lines x=±a, y=‘±b. Hence, the ellipse is called a closed 
curve. 


9‘3. General Equation. 

* 

To find the equation of an ellipse whose focus is (a, /3), 
whose directrix is lx + my + n 0 ajid eccentricity is ei<. 1). 

Let P{x, y) be any point on the ellipse, S be the focus 
and PM be the perp. on the directrix. 


or 


SP = ePi¥, 
SP^^e^PM\ 

{Ix + my + nY^ 




Note. This equation on simplification can be put in the form 
ax*+2fcacy+5^*+ 2 gac+ 2 / 2 ^ + c = 0, whence it can be easily shown that 
h'<ab. For an illustration see Ex. 1 of Art. 9. 

Henceforth standard equation will be used unless otherwise stated. 


Special form. 

By changing the origin to (a, i3), axes remaining parallel, 
the equation 


a 


reduces to 


- 1 

... (1) 

® *3 1 

a 0 

(2) 


Hence an equation of the form (l) always represents an 
ellipse whose centre is (a, fi) and axes are of lengths 2a, Hd 
.and equations of whose axes are jb a, 

The equation (l) when simplified assumes the form 
Ax^ + By^ + 20x + 2Fy + C ’^0. (3) 
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So we conclude that an equation of form (3) (where A 
and B are both positive and unequal), always represents an 
ellipse with its principal axes parallel to the co-ordinate axes 
and is a real ellipse^ a point ellipse or an imaginary ellipse 
.accord5ng as the expression G^’^/A + F^/B - C > = or < 0, 

.9*4. Latus Rectum. 


The Latus rectum oi the ellipse is the double ordinate 
through either focus. If LSL* is a latus rectum, SI/ = SL\ 

Let the co-ordinates of L ))e (ae, Z), so that Sh = 1. 


72 

a e , L 
a o 






Latus rechun — 



9*5. Focal Distances of a point. 

Let (sci, 2/i) bo the co-ordinates of P. From fig. of 
Art. 9'2, 

^?^ePM^eNZ = eCZ-eGN=‘tL-ex^ 

S'P'» ePM '» eNZ' = eCZ' + eC.V = a+exi. 

.*. SP+S'P = a-eiCi+a + c2Ji = 2a. 

Thus, the sum of the focal distances of any point on the 
■ellipse is constant and equal to the major axis. 


9*6. Position of a point in relation to an ellipse. 

The point (xi, Vx) U^s outside, upon or inside the ellipse 

2 2 2 2 

^ + ?"2 ■■ 1 according as *“ 1 > •” or < 0. 

•a 0 a 0 


Let Q be the point (aji, ?/i). Draw Q.N'perp. to AA' 
•cutting the ellipse in P. Then the abscissa of P is a? i and 
let its ordinate be y, so that P is (xi, y'). 




• • 
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Now, Q lies outside, upon or inside the ellipse^ 
according as > " or < PN^ 

* > ■= or < 






Vi 

Va 


2 


or < 




•2 

/2 


^rV > “ or < 1 - 


a 




a 


V 


+Vir-1> 


or < 0. 


9‘7. Auxiliary Circle. 

The circle discribed upon the major axis of the ellipse? 
as diameter, is called the Auxiliary circle of the ellipse. 

The equation of the auxiliary circle w, r. t. the axes ofi 

the ellipse as axes of co- 
ordinate^ is 

x®+y* — a®. 

Let P be any point on the* 
ellipse. Draw PN prep, to the* 
major axis and produce it to- 
meet the auxiliary circle in Q. 
Since co-ordinates of P are 
(CN, PN), co-ordinates of O' 

are (CN, QN ); we have from the equation of the ellipse and. 
the auxiliary circle, 

CN^_^PN^ - CN^.QN^ - 
a 0 a 

PN^_QN^ 
a" ' 

PN b 
QN“a‘ 

Points P and Q are called corresponding points. Thus,, 
the ratio of the ordinates of a pair of corresponding points, 
is constant. 
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9'8. Eccentric Angle and Parametric representation. 


In the fig. of Art. 9*7, join CQ. Then Z.QCA is called 
eccentric angle and is here denoted by v. 

Th"us, the Eccentric angle of any •point on an ellipse is 
the angle which the line joining the centre to the coorrespond- 
.ing point on the auxiliary circle makes with the major axis. 


From the right-angled AQGN, 

CN— CQ cos (p — a cos 

Jf (®* y) be the co-ordinates of P, we have x = a cos V. 


y 

b‘^ 


a 


1 - 


a® eoa^q) 
a® 


sin®??. 


y^b sin V. 

Thus co-ordinates of P are (a cos fp, b sin ?»), 
and co-ordinates of Q are (a cos <p, a sin q>). 

Since x = a cos (p 

y-b sin fp 

■satisfy the equation of the ellipse whatever be the value of 
these two together give the parametric representation of 
-the ellipse. 

The point whose co-ordinates are (a cos ?>, b sin <p) is, 
‘.for sake of brevity, very often called the point fp. 


9*9. Intersection of a line and the ellipse. 

To find the points of intersection of the line 

y^mx-¥c ... (l) 

... ... ( 2 ) 


„,2 
® . y 


with the ellipse - a + ■“ 1* 

a 0 

The abscissae of the points of intersection of (l) and (2) 
are given by the quadratic in a;, obtained by eliminating y 
•between (1) and (2), i.e, by 

fl!® - 

* '*- 1 , 


a® 6® 

or (a®m* + 6®)«® + 2a®97ica; + a®(c® - 6®) 0. 


( 3 ) , 
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This being a quadratic in OJ has two roots (say, aJi, iCa)' 
real, coincident or imaginary. 

Hence every line meets the ellipse in two points reaU 
coincident or imaginary. ^ 

The points of intersection will be real, coincident or 
imaginary, according as the roots of (3) are real, coincident 
or imaginary i.e. according as 

A^a^rn^c^ - + fe®) x - &®) > — or < 0 

i.e. according as a®w® > = or < c® - 6® 

i.e. „ c® < = > a®m® + fc®. 

The ordinates of the points of intersection, t/i, caiii 
be obtained by substituting X 2 for ® in (l). 

Thus 2/1 “m®i + c, y 2 ^mx^-¥c, ... (4) 


910. Tangent at a point. 

To find the equation of the tangent to the ellipse 

1 ... (1) 


2 2 


at the point (®i, y\) on it. 

.Let P be the given point (®i,yi) and <3(®2f I/ 2 ) be a 
point on the ellipse very close to P. The equation to PQ i&- 

... ( 2 ) 


— 1/ 1 '"1/2 \ 
y j/i **'!/• 

Since P, Q lie on the ellipse (l). 


« a a 
gt , yi 
/.a "*■ 1,2 
a o 


a 2 

1 J , I /2 

1 QfUd 


a 


1 . 


by subtraction 


2 2 

1/1 - 3/2 _ 


= 0 , 




®1® - 

a® 6 

(® 1 +® 2 )(® 1 -® 2 ) _ (j/l+ 1 /2X1/1“ 

a® " "‘6' 

y -L-Vs . . ^ a;i+g 2 . 

®1“®2 O* 1/1+^2 


(3) 



ELLIPSE 


167 


by (3), the equation (2) of the secant PQ becomes 


2 /- 1/1 = 



Xx +Xq 
2/1 + 2/2 


(x-Xx). 



Whe» Q moves and ultimately coincides with P, the secant 
PQ becomes the tangent at P ; in this case y 2 = y\. Hence 
putting ^ 2 = 2 / 1 . the equation of the tangent at P becomes 


i,e. 


yrVi ^ 

a Vi 

xx^ . 2 / 2/1 1 

2'i2 2‘i2 

a b a b 


Hence the equation of the tangent at {®i, 2 / 1 ) is 


xxi yy., 
a* 


1 . 


9*11. Condition of tangency of a line. 

To find the condition that the line y “ mx + c ••• ( 1 ) 

shall touch the ellipse 


X 

a 


2 

2 




The ab8cissa3 of the points of intersection of (1) and (2) 
are given by 

x^ ,(mx + c)" - 


ue, (a^m^+b^)x^+ 2a^mcx + a^(c^ - b^)^0. ... (3) 

The line (l) will touch the ellipse if the two points 
of intersection are coincident i.e, if the roots of (3) are 
equal 

i.e. if - 6®) 

i.c. if *= + 6** 

i.e. if c-± jya®m®+b®. ... ... (4) 


Hence each of the lines yanix± >/a*iii”4-b* it always a tangent 
to the ellipse (2), whatever be the value of m. 
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Point of eontaet. 

Let (a;i, ^i) be the point of contact of the line. 
Then equal root of (3) 

a^mci Ja^m^ + h^ 


a^m* + 6 ® 
— _ c^m _ 

jaSn^ + h 


+ 6* 


by (4) 


2 


2/i ==w®i +C“ 

■fc" 


Va“m® + 6‘® 


~ J a®m“ + 6® 
co-ordinates of the point of contact are 


__ a m 


i’ ± 


,?)• ... (6) 


Note. Similarly it can be shown that x cos a+ 2 /sin a =p will 
tonch the ellipse if 

p*-a* cos*a+b* aln^a, 

the point of contact being (a^cos a/p, b'sin a/p) and Zx+»» 2 /+w =0 
will touch the ellipse if a^l^+b^m* ssn> 

the point of contact being (-a^ljn, -b*mln). 

Alternative Method. 

Let (xi, p,) be the point where the line (l) touches the ellipse. 
The equation of the tangent at (a;,, y^) is 


XX 


-a • “• Xe 


u* ^ 6» 

( 1 ) ban be written as wx—p«* —c. 

«*. (6) and (7) must represent the same line. 

_ Ml « J . 

a*»i —S'* — c 

6“ 

c~'‘ ‘ 

a’w 


( 6 ) 

(7) 


X, “ — 


e 

c 


( 8 ) 


a* ^ 6* 


■ 1 . 


.4^.9 ^4 


+ 


1 . 


C" tl*C* 

.*. c*»o®w*+6’, i.e. c-± *y^5^"r+r6*. ... (9) 

Substituting the value of c from (9) in (8), co-ordinates of the point 
of contact will be obtained. 
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9*12. Equation of a chord in parametric co-ordinates. 

To find the equation of the line joining the two points 
(a cos d, b sin 0) and ( a cos b sin q)). 

The equafcion of the line joining them i» 

X — a cos 0 7/ — ft sin 0 • 

a{cos q> - cos 0) ft(sin <p “ sin 0) 


_ X — cos 0_ 

2a sin K0 + v) sin M0 “ v) 


y — h sin_0_• 

2ft cos irl0 + 9>j sin i(0 - q>) 


x~ n cos 0 _ __ y “ ft sin 0 ^ 
a sin ^0 + fp) ft cos i(0 + q>) 

or " cos ^0 + <p)+ y sin K0 + 9) 
a ft 

“COS 0 cos K0 + 9’) + 8in 0 sin ^0 + ?^) 

= oos{0 - cos hio + (p)\ 

“COS i{0 — fp)- 
the required equation is 

— cos i(0 + 9 ?) + l' i(0 9’) =* cos i(0 — fp)- 

a 0 

Cor. Putting 0 = 9 >, the equation of the tangent at fp is 

- cos 9 ? + ? sin — 1. 
a b 


9*13. Normal at a point. 

(A) To find the equation of the normal of the ellipse at 
(iClil/l). 

The tangent at (iCi, V\) is = 1, 

a o 

ft® JCl . ft® 

i.e. 2 /“-^ -iB+ -• ••• (1) 

a 2/1 2/1 

Any lipe through (a;i, i/i) is 

Vi -®i). **• (2) 
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If (2) be normal at (iCi, i/i), it must be perp. to (l). 


m 


X I ” i! I = “ 1, t.e. m = va — 
\ a Vil b Xx 


The equation of the normal is therefore 

^ //1 / \ 


t.e. 


x-Xi _ yy^ 


lb. 

a** 


b* 


(3) 


(B) To find the equation of the normal at the point (p. 


The co-ordinates of the point are (a cos T, h sin ??) 
Putting jCi “a cos ?/i *= h sin q) in the above equation (3) 
it becomes 

a( x - a cos y) ^ biy — b mn <p) 
cos q> sin q> 

or ax sec (p— a^ by cosec (p-h^. 


The required normal is therefore 

ax sec y - by cosec = a® - b®. 


9'14. Number of tangents from a point. 

To show that from any point there can be drawn two 
tangents to an ellipse. 

The line is y*wa;+ + ... (l) 

is a tangent to the ellipse for all values of m. 

The problem of drawing a tangent from {xt, yA reduces 
to that of choosing the parameter m so that (l) may pass 
through {xiy Vx), the condition for which is 

yi - mXx " Ja^m^ + b^, 
or (y 1 - mxxY ■■ + 6®, 

or (a?!® ”2a?ii/im +(yi® - ••• (2) 

This equation being a quadratic in. m, gives the m’s of 
the two tangents drawn from {xx, y\). Hence ^there are 
,' two tangents from (xr i > i/i). 
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’EiVidiently ihe two tangents from (flJi, ?/i)i be realt 
coincident or imaginary according as the roots of (2) are- 
real, coincident or imaginary ; that is according as . 

-4(!ri^ -fe*) > = or < 0' 

i.e. according as + a^yf^ - a^h^ > = or < 0* 

%*e. 


If 


+*'7V-l >-or<0 
a 0 

i.e. according hs the point fai, j/i) is outside^ upon or 
inside the ellipse. 


9't5. Pole and Polar. 


The Pole and Polar with respect to an ellipse are defined! 
exactly in the same way as in the case of a circle. [Art. 6*12] 

(A) To find the polar of the point (xx, Vx) r. t. the 
ellipse x^la^ + y^lb^-1. 

Tf the points of contact be (a; 2 , 2 / 2)1 (® 3 t 2 / 3 ) the tangents 
at these points are 

xx^la^ + 2/2/2/^*^ “1 

xxilar + yy^lb^ *= 1 . 

Since both these tangents pass through P(£Ci, yi). 

.'. Xxxja^ -^yxy^W^ 

xxxja^ -^yxy^llf^ 

These relations show that the two points At B are 
situated on the line 


XXi 


a 


+23L1.1 

« b®* ’ 


which is therefore the reqd. equation of the polar of the 
point. 

Cor. The polar of the focus is the corresponding directrix. 

(B) To find the pole of the line lx + my + n “ 0 a/, r. . 
the above ellipse. 

Let (jcij 2 / 1 ) be the reqd. pole. 
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The polar of (aJi, yi) w, r. t. the ellipse'is 

a* * b‘ ^ 

This must be identical with 

Ix + my + n- 0. 


a^l b^m 


1 

n 


,*. reqd. pole is ( - - a®, - 

\ n n I 


9*16. Properties of Pole and Polar. 

(i) If the polar of a point P w,'r. t. an ellipse passes 
through Q, the polar of Q passes ihrouyh P. 

(ii) The point of intersection of any two lines is the pole 
of the line joining the poles of the lines. 

(iii) If the pole of the line lx + my + n *= 0 w. r. t. an 
ellipse lies on the line Vx + m*y + = 0, then the pole of the 

line Vx + m'y + n' = 0 lies on lx + my + =* 0. 

The proofs of these three are exactly similar to those 
given in the case of a circle. {Art. 6'13). 

9*17. Chord of contact. 

Thelshord of contact of tangents drawn from (a;i, y\) to 
the ellipse is, as we have seen in the case of a circle and 
a parabola, nothing but the polar of the point and hence its 
equation is 



9*18. Director circle. 

To show that the locus of the point of intersection of a 
“pair of perpendicular tangents to an ellipse is d circle. 
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Any tangent to the ellipse is 
' y^mx-\- ••• (l) 

and hence a perpendicular tangent is 


2/“ “ 




Let (iCi, T/i) be their point of intersection. 

y±-mxi= Ja^m^ + b^ (3) 
W2/i+ a;i = + ••• (4) 

Squaring and adding (3) and (4), we get 

(1 + + y^^) = (1 + m^ia^ + b^, 

i.e, + 7/i® + 6^. 

the locus of (aJi., y±) is the circle 
x® + y® “a®+b®. 


The centre of this circle is the centre of the ellipse and' 
radius is equal to the length of the line joining the ends of 
major and minor axes. 

Def, The circle wliich is the locus of the point of inter¬ 
section of a pair of perpendicular tangents is called Director 
circle. 


Alternative Method. 

Any tangent to the ellipse is 

i/ = wix+ + **• "* (1) 


where m is a variable parameter. 

If it passes through (Xj, y^) then 

?yi=n»Xi+ + 

i.e. (i/i—wxi)*=a®m“ +6* 

or (xi*—— 2 x, 2 /im+yi* —6*=0 — (2) * 

This quadratic gives them’s of the two tangents through (xa, yi). If. 
iMi, be the roots of (2), the two tangents will be perpendicular 

if miWia**—1, 

i.e, X|*+^ 1 * =fl*+6*. 

the locus of (x,, y,) is the circle ®*+^* 
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9'19. Illustrative Examples. 

Ex. 1. Find the equation of the ellipse whose focus is (2, 3) eccentri- 


•dty and directrix ®—7/+13«*0. 

Let (x, y) be any point on the ellipse, 
of ellipse, we have from Art. 9“3, 


[C. 17.] 

< 

Then from tho definition 


SP^=e^PM'^. 


••• ■ 

which on simplifioation reduces to 

25x* + 2xy + 25y^ - 130x -130.!/ +169 = 0. 

This is the reqd. equation of the ellipse. 


Ex. 2. The loom of a point which tncmes such that the sum of its 
distances from two fixed points is constant is an ellipse. 

Take the line joining the given points S, S' as the x-axis and its 
middle point 0 as origin. Let the co-ordinates of S, S' bo (c, o), 
.( —c, o). If (x, y) be a point P on the curve, we have 

SP-t-S'P = conBtant = 2a say. 
n/Ix - c)» + ^X^crVtf = 2a. 

>/(x ——2a= — (s/(x-fc)^ + 7/’*. 

On squaring, wo obtain 

{x — cY+y^ — ^a fJijx — cY +y* -l-4a“ = (x-f c)* + 7/*. 

Simplifying, rearranging and dividing by 4, we get 
a js/(x - c) “ + y* —a^—cx. 

Squaring again, 

a’ (x “ c) ’+a*^* “ a* — 2a® cx+c® x®, 
i.e. x®(a® -c®)+^®a® = a*—a®c® = a*(a® -c’). 



SinceSP+S'P > SS' .'. a > c .*. a®—e® is positive and say 

•«qual to 5®, where 6® obviously less than a®. 

^ence 

The locus of P is thus an ellipse. 
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Ex. 3. Show that a circle is a limiting case of an ellipse. 

When the ellipse a:’/a’= 1 becomes the circle 

a;*+7/* = a*, and c’= ® =0. Also in such a case, CA=e CZ or 

ft 

CAlCK^^e^O ; since CA is finite, CZ must be infinitely large. 

Again, CS'— CS = e.CA=O.CA = 0, the two focii conicide. 

Thus a cirlce may he regarded ns a limiting case of an ellipse in 
which the major axis is ^qual to minor axis, eccentricity is equal to zero, 
the two focii are coincident with the centre aud the directrices are 
situated at infinity. 


Ex. 4. Fsnd the leiujth of the chord intercepted on y=^mx + c by the 
ellipse. 

Lot (a*,, 35 /,), (iCa, 7y(,) bo the points of intersection of the line and 
the ellipse, and let I) be the roqd. length. ThonaJi, a., are the roots of 
the quadratic. 

{a^m'*+b^)x^+2a‘mcx + a‘^{c^-h'^) = 0. . ( 1 ) 

[ See Art. 9'3 ] 

(Xi - a,)* = (a, + 

— 4a* (c’ — 


= (aSH^+ +{6* -c*)(a*m* + 6*)> 




( 2 ) 

(3) 


+ ... . 

Since yi^mx^+c, y.i=mx<x+c. yi—y^—miXi—Zi). . 

/>* = (a:,-®,)* + (7/,-?/a)’ = U-i--aa)’(l+»»*) by (3). 
by (2) and (3), 

a 4a*ft*n+TO*), a a . i-i 4\ 

+6*)* 

Hence D can bo obtained. 

Ex. 5. Find the poini of intersection of the tangents at B and 0 to 
the ellipse. 

Let (a;,, 9 i) be the point of intersection. The polar of (x,, j/^) is 

xXi/a’+2/2/i/6* «1. ... ... (1) 


• •• 
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The line joining By 0, is 

^ 008 4(d+0)+ J[ sin 4(0 + 0 )=008 4(^“^)* (2) 

€b 0 


(1) and (2) ijiust be identical 

Xtla^ vjb'^ 

“COB 4(0+0) ^sin 4(0+0) 

whence we get =^“ 17 ?--?!' Vi-l 

cos 4(0-0) 


_ 1 _ 

'cos 4(0~0) 

sin 4(0 + 0), 

cos 4(0 ~ 0) 


f 


Otherwise '• 

The tangents at 0 and 0 are 
« 

® cos 0+^sin 0 — 1=0, 
a 0 

®-coa 0+ - sin 0 — 1 = 0. 


Solving for x, yhj the rule of Gross-Multiplication, 

g/a ^ yjh _-1_^ ^_ , 

sin 0—sin 0”"cos 0—cos 0, sin 0 cos 0 — cos 0 sin 0 sin (0 — 0) 

_ X _^_ y __ 

2acos 4(0 + 0) sin 4(0~0) sin 4(0 + 0) 4 (0~0) 


1 _ 

2 sin 4(0 — 0) cos 4(0 “ 0) 


On simplification we get the values of x, y, the co-ordinates of the 
point of intersection. 


Ex. 6. Find the locus of the foot of the perpendicular drawn upon 
any tangent to the ellipse oj’/a* +j;*/6* = 1 

(i) from the centre, 

* {ii) from either focus. . 

(i) Let a; cos a+j/ sin a =p be a tangent to the ellipse ; then 
p^'^a* co8*a+6* sin®a. 

Also, {p, a) are the polar co-ordinates of the foot of the perpendi¬ 
cular,, 

the polar equation of the locus of the foot is 
r**a* cob*0+6® sin®0. 
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Multiplying both sides of this by r*, 

f* = aV» coa*0+6V* sin’^, 
or (®“+i/*)*«=a“x* + 6 * 2 /“. 

m 

Th7s is the Cartesian equation of the locus of the foot i.e, of the 
j^edal of the ellipse to. r. t. centre, 

(ii) The line y=^rm+ + ... (1) is a tangent to the ellipse 

for all values of m, , 

The lino through the focus (ae, o) perp. to ( 1 ) 

is (2) 

Now (1) and ( 2 ) can be written as 
y—mx = + 6*, 

my+x^ae^^ — 

Eliminating m between (1) and (2), we get the locus of the point of 
intersection of the lines ( 1 ) and ( 2 ) i.e, of the foot of the perpendicular. 

Now (1) and (2) can be written as 

y-mx= + ... (3) 

my+x—ija*— h^, ••• ••• (4) 

Now, squaring and adding (3), (4), we get 

or + 

This is the reqd. equation of the locus, i.e. of the pedal of the 
ellipse w. r. t. either focus. This is the Auxiliary circle. 

Examples 1X(A) 

[ Unless otherwise suited^ by an ellipse is meant here an eUipse repre¬ 
sented by Us standard equation. ] 

1. Find the equation to the ellipse 

(i) whose focus is (~ 2, 3), eccentricity is and 
directrix isaj-y + T—O; 

(ii) whose focus is (~ 1, 1), eccentricity is i and 

directrix is » - y + 3 0. [0. (7, 1946] 
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2. Find the centre of the ellipse whose eccentricity is 

i, focus 8 is (0, 0), point: of intersection of the axis and 

directrix is (- 1, - l). 

* 

\,ZS is divided internally and externally iby A f A'm the ratio 
0/2 ; 1 . ] 

3. Find the equation of the ellipse (referred to its centre 

as origin and major axis as x-axis) whose latus rectum 
is 6 and eccentricity is f. [0. U. 1940] 

4. (i) Find the vertices of the ellipse 

(x-1)^ (y-3)^ 1 

(ii) Find the eccentricity and latus-rectum of the 
ellipse 

3a; ® + 4i/® + 6a; - 8y =“ 5. 


5. (i) Verify that the four foci of the two ellipses 

-.2 -2 .,2 
JL + I - + ?L. = 1 

169 25 ’ 266 400 ’ 

are concyclic. 

(ii) Show that the following ellipses have the same 

foci 

2 2 2 2 _2 2 


26 6 


28 9 


1 

’ 30 11 


6. If the ellipses 
^ 2 2 
^ +^«1 
a® ^ 


X 

a 


2 2 
2 +^2' 


1 . 


have the same eccentricity, then afa^b/^. 


7. Find the positions of the following points 

(4. It). (2. - 1), (6. 3) 

10 , r. t. the ellipse 9®* + 26i/* ■■ 226. 

8, (i) The distance of a point on the ellipse 

«V6 + y*/2-l 

from the centre is 2. Find the eccentric angle of the point. 
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(ii) Find the eccentric angles of the ends of latera 
cecta of 2aj® + * 1. 

9. Find the length of the chord intercepted by the 
<ellips9 9aJ® + 144 on the line 3a; + 4i/ = 12. * 

10. Show that the line joining the upper end of one 
latus rectum and the lower end of the other of an ellipse, 
passes through its centre. 

11. Find the locus of a point which moves such that 
4he sum of its distances from the two points (±3, 0) is 10. 


12. (i) Show that the point 


a; —a. 


1 + i® 


y-h. 


2t_ 
1 + i* 


where t is a variable parameter, lies on an ellipse. 

(ii) Show that the locus of the point of intersection 6f 

the lines ”*+¥“A“0, --A 7 +l “0 where A is variable, 
a b a b 

is an ellipse. 

13. Prove that the equation of the chord joining the 

y^ 

points (a?i, i/i), (^ai 2 / 2 ) on the ellipse 

. {x - a;i)(aj - x^) . (v ” 2 /iXf " V*) _ j. 1/* _ 1 

“ -V a* 6* • 

And henoe dadace the aquation oi the tangent at (xit Vi)* 

14. (i) Find the equations of, the tangents to the ellipse 
+ 16y® ““ 144, which make equal angles with its axes. 

(ii) Find a point on the ellipse 6*®*+ a®y® 

«uch that th4 tangent at it is equally inclined to the axes. 

16. (i) Find the points on the ellipse + 2 the 

tangents at which are perpendicular to the line 2® + y - 7 0. 

(ii) Find the points on the ellipse 3®“ + y* « 37 the 
jiormal at which is parallel to 5® “ 6y + 3 *■ 0. 
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16. Show that the tangent at any point on the ellipse- 
and the tangent at the corresponding point on the auxiliary 
circle meet on the directrix. 


17. If 0, be the eccentric angles of a focal chord 'bf an 
ellipse of eccentricity prove that 

(i) ± e cos i{0 + ?>)'= cos -* q >); 

t 

(ii) tan 46 tan 4»> +j^-O. jj 

18. For a system of parallel chords, prove that the sum 

of the eccentric angles of the extremities of any chord is 
constant. [C.U,} 

19. The eccentric angles of two points on an ellipse with 
2 a as the length of its major axis are 0 and q> and their join 

-intersects the major axis at a distance c from the centre. 
Prove that 


tan tan 


c- a 

— ■ • 

c + a 


[c. u, mi} 


20. If PQt PB are focal chords of an ellipse and 2a, 
2y are the eccentric angles of P, Q, B ; prove that 

tan a tan ^ tan y-«cot o. 


21 . 


ellipse 


Show'that the line Ix-hmy^n is a normal to the 


.a 


a 


C4.IL 
a b 


1 if 


m* 


[ 0 . u. me} 


22 . Show that the condition that normals at {xx, yi)> 
{®ai ya)* (®8, ys) on the ellipse a!®/a® + y®/h® »*» 1 may be 
concurrent is 

flci Vt »iyi *0. [0. V.} 

X2 Vz iCzVz 

i 

sUb Vb (CbVb 
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28. If the normal at any point P on the ellipse meet the 
major and minor axes in G and g ; show that 

PGiPg^b^ 

24* Show that the normal and the tangent at any point 
of an ellipse bisect internally and externally the angle 
between the focal distances of the point. 

[ Suppose the ‘normal meets the axis at O ; show that SG: S'G 
»5P:S'P.] 

25. Show that the eccentricity of the ellipse in which 
the normal at one end of a latus rectum passes' through an 
end of the minor axis, is given by the equation 

“ 1 = 0 . 

26. Show that the equation of the normal at {x\ y) to 
the ellipse can be written in the distance form as 

fI ^ " ^/l2 r 

px la py lb 

where p is the perp. from the centre upon the tangent at 
that point. 

27. Find the pole w. r. t, the ellipse aj®/a® + y®/6® = 1 of 
the following lines 

(i) Za; + my = 1, (ii) a: cos a + y sin a - p =* 0 ; 

(iii) the chord joining 0 and <p. 

28. If the pole of the normal at P lie on the normal at 

then show that the pole of the normal at Q lies on the 

normal at P. [0. U, 1940] 

29. Show that the locus of the poles of a system of 
parallel chords of an ellipse is a line passing through the 
•centre. 

30. (i) Find the locus of the pole of a tangent to the 
•ellipse w. r. U the auxiliary circle. 

(ii) Find the locus of the pole of a tangent to the 
.auxiliary circle w, r. U the ellipse." 
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31. If three points are eoUinear, prove that their polar9 
w, r. t. an ellipse are concurrent, 

32. Prove that the tangents at the ends of a focal chord! 
of an ellipse meet on the directrix. 

( 

33. (i) Show that the equation of the chord of the ellipse 
joining two points whose eccentric angles are (a ± p) is 

—cos a + r sin a »= cos p, 
a b > 

(ii) Prove that the tangents to the ellipse at points 
whose eccentric angles are (a ± 0) meet at the point 

(a cos O' sec jS, b sin a sec P), 

34. Find the locus of the point of intersection of tangents 
at two points on the ellipse + y^lb^ - 1 when 

(i) the sum of their eccentric angles is constant 

-=(2d). 

(ii) the difference of their eccentric angles is constant 

*= (2d). 

35. Show that the line joining the extremities of any 
two diameters of an ellipse which are at right angles to one 
another will always touch a fixed circle. 

36^ Prove that the locus of poles of such chords of an 
ellipse as touch a concentric and co-axial ellipse is another 
concentric and co-axial ellipse. [C. U. 1928J 

37. Find the locus of a point such that its polar w. r. t, 

the Ellipse + passes through a fixed point. 

(h, k), 

38. Find the locus of the poles of normal chords of the< 
elUpse. 

39. Prove that the locus of the pole of a chord of auu 
ellipse 

(i) whieh subtends a right angle at the centre,. 

(ii) which touches the director circle, 
is in both cases, a ooncentrio ellipse. 
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40. A point is such that the perpendicular from the 

centre on its polar w. r. t. the ellipse x^la^ + y®/6® ■= 1 is 
constant and equal to c ; show that its locus is the ellipse 
a;®/a* + yVb* = l/c®. [P. U, 1945] 

41. * Find the director circle of 4a;® + 92/® ““ 36. 

42. Prove that the circle having any focal distance of an 
ellipse as its diameter touches the auxiliary circle. 

43. If P be any, point on the ellipse whose foci are 
S, S , show that 

tan h PS^ X tan i PS'S = 

1 + e 

[ If LPSS’ and PS'S be 6, and B\ find cos 9, cos 9' by applying 
the formula 26c cos i4 = 6*+c*-a* to the APSS'. ] 

44. Find the condition that the tangents to the ellipse 
a;®/a® + 2/®/6® = 1 at the two points where it is cut by the 
line lx + my = 1 should be perp. to each other. 

[ The point of intersection of the tangents lies on the director drcU.] 

45. An ellipse slides between two lines mutually at 
right angles. Show that the locus of its centre is a circle. 

[G. U, 1932] 

9'20. Equation of a chord in terms of its middle 
point. 

To find the equation of a chord of the ellipse a;®/o® + y®/6*® 
“ 1 m terms of its middle point Ui, j/j). 

Any chord through (sci, i/i) is 

2 /~2/i“»»(jJ“®i). . (l) 

or 2 / = wa; + c, ... ... (2) 

where c-= 2 /i-ma!i. 

^ The abscissae of the points of intersection of (2) and the 
ellipse are given by the roots of 

flj® . (maj + c)® , 

—jT- -1. 

(a®w® + f)®)fl!® + 24®mca; + a®(c® - 6*)“0. 


or of 
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If x\ x'' be the roots of this equation, 


X* + a;" 


_ a^m c _ a^mivx - mxx) 

9 9. , n 9 ** ** “<r o - » ^ 


2 • a^m^ + b^ aW + 6*'~* 

from which wo get m= - b^Xxfa^Vx. ^ 

Substituting this value in (1), we get the reqd. 
equation of the line as 

(*■*«) fi+(y-yi)^-0. 

9*21. Diameter. 

To find the locus of the middle points of a system of 
parallel chords of the ellipse x^ja^ + = 1. 

Let the chords be 
p Y parallel to 

y^mx. ••• (1) 

Then any chord PQ of 
Q \ parallel system is 

I / .^ y<^mx + c. ••• (2) 

\/ c being different for 

different chords. 

The abscissffi of the 
points of intersection P, Q of the ellipse and the line (2) 
are given by the roots of the equation 


x^ (mx + c)® __ 1 

or (a®m® + b^)x^ + 2a®mcaj + a*(c® “ 6*) - 0. (3) 

Let (a;', 1 /') be the mid-point V of PQ arid a?i, a ;2 the 
roots of (3). 

• + ®2 _ a^.mc 

.. ®-— 5 —ji- 

/ / . a’w’o _ 6*c 

y -m® +«“«-„«„»+ 6.“a«TO*+P" 
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constant (i.e. independent of c). 


V always lies on the line 

**■ v4) 

a m 


Hence the locus of the middle points of the chords of 
the ellipse drawn parallel to the line (1) is a line passing 
through the centrfe viz. y “ mx where m - - h^la^m 
i,e» mm* = - 6®/a**. 

Def. The locus of the middle points of a system of 
parallel chords of an ellipse is called a Diameter and the 
chords are called its double ordinates. 

Thus, any diameter of the ellipse passes through its 
centre. 


9*22. Properties of Diameters. 

(A) The tangent at an extremity of any diameter is 
parallel to the chords which it bisects. 

The diameter bisecting chords parallel to 

y — rmc ^ ••• ••• (l) 

18 **• *“ W 

a m 

Lot {xxiVx) be one of the points where (2) meets the 
ellipse, 

then y\--'-^Xx. .. —a*—* \o) 

^ a m a yi 


The tangent at (xi, yx) is 


XXX yyx 

a‘^ 6* 


1 . 


or 


XI b 

y= —2 —» + — 
a yx Vx 


^mx + b^lyx by (3) 
and hence it is parallel to (1). 
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(B) The tategents at the ends of *any chord meet on the 
diameter which hisecis the chord. 


Let the chord PQ be 

l/“=m» + c. ••• ••• (1) 

Let (xxi y±) be the point of intersection of tangents a1> 
P, Q. Then PQ is the chord of contact of the tangents- 
from (xif y^) and hence its equation is 


ggi . yi/i ^ 1 


m mjf 



Since (l) and (2) represent the same line, 

m^^-h^xja^y\. 

Hence (a?i, j/i) lies on the line y^- x, which is the- 

a m 

diameter bisecting the chord PQ. 


9*23. CoDjugate Diameters. 

if 

Two diameters are said to be conjugate when each 
bisects all chords parallel to the other ., 

From Art. 9*21, we see that the diameter bisecting: 
chords parallel to the diameter y -• mx is y^rnx where 
mm' ^ - b^la^. The symmetry of the result shows that in 
this case the diameter y » 971 a; also bisects all chords parallel 
to the diameter y ** m'x. 

Thus, the two diameters y — mx, y m'x will be conjugate 

if " 

, b® 
mm - 

9*24. Properties of conjugate BiameterB. 

(i) The. eccentric angles of the ends of a pair of conjtigate 
'diameters of an ellipse differ by a right angle. 

Let PCP\ DCiy be a pair of confugate. diameters and 
let P be (a cos 9 , b sin 9 ) and D be (a cos 9\ b sin 9 '), 
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Equation to POP' is V ” tan fp.x. 

Equation to DCD' is 1 / “ ^ tan <p,x, 

Cb 

Since the diameters are conjugate, 

2 tan <p tan — 2’ 

a* ^ a 

tan 9 tan = - 1 , 

or cos <p cos q>' + sin *p sin = 0 , 

or cos ( 9 ?'- 9 ))« 0 . 

= ± —• ... ... ( 1 ) 

Cor. The values of obtained from (l), viz. + 
<p-~in corresponding to <p, refer to the points D, D\ respec¬ 
tively. Thus, the co-ordinates of the four extremities of two 
conjugate diameters exQ 

P(a cos 9 >, b sin q?), P'( - a cos ~ 6 sin 9 ), 

D(-a sin (p, b cos <p), D'(a sin <p, ~b cos v). 

.'. Equation to CP is y— ^tan <p.x^ 

f * 

and Equation to CD is -cot <p.x* 

d 

(ii) The sum of the squares of two conjugate semi^ 
diameters of an ellipse is constant. 

Let PCP', DCD' be a pair of conjugate diameters. 

Let P be (a cos <p, b sin <p) ; then D is {a cos (90® + 9>), 
h sin (90® + i.e. (- o sin ?>, 6 cos q>). 

* .*. CP® = cos^y + ft^sin^V, 

CP® “ a® sin® 9 > + 6 ® co 8 * 9 ». 

/• CP®+ CD* «a®+b® = constant. ••• ( 2 ) 

(iii) The tangents at the ends of a pair of, conjugate 
diameters of an elHpse form a parallelogram. 
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Tangents a<^P, D, P', D' are respectively 

X y XV 

-cos sin 1 , -sin 9 ?- —cos oj—- 1 , 

no no 

— cos <P + V sin V “ ” 1 , “ sm 9 ? - f cos q> •» i. 

a o a 0 

they form a parallelogram. 

(iv) The area of the parallelogram formed by the 
tangents at the ends of a pair of conjugate diameters of an 
ellipse is constant. 

Let EF, FGf GH, HE be the tangents at P, P, P\ P^ 

Now, w’s of CP, CD are Hence they are 

a cos <p -a sin 9 ? 

par*, to EHt EF ; i.e. CPFD is a par”*. 

par*". EFGH^A par*”. CPFD = SACPD. 

8*i 0 0 1 *4a6. 

a cos <p h sin 9 1 

- a sin 9 ? h cos <p 1 

Thus, the area of the above parallelogram is equal to 
that of the rectangle formed by the tangents at the ends of 
the major and minor axes of the ellipse,. 

(v) If p be the perpendicular on the tangent at P from 
the centre of an ellipse^ then 

p.CD « ab. 

Tangent at P is ~ cos 9 ? + g sin 9 ? - 1 ■■ 0. 

_ ab ab ^ 

^ j cos** 9 > Bin* 9 » s!a^ sin** 9 > + 6“ cos® 9 > ** CD 

V +"4® 

Hence the result. 

(vi) The product of the focal distances of a point on an 
ellipse is equal to the square of the semi-diameter which is 
conjugate to the diameter through the point. 
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Let the point P be (a cos <p, b sin 9). 

SP — a“ ae cos tp [See Art*9^5] 

^ S'P ^a + ae cos tp. 

SP.S^P“a® -cos® 9> 

“ a® ~ (a® - 6®) cos®?' 

“•a® sin®9? + 6® cos®?? 

‘ - CDS 

C2) being the corresponding conjugate semi-diameter» 

9*25. Equi-conjugate Diameters. 

Def. When two conjugate diameters are equal, they 
are called equi-conjttgate diameters.^ 

Let P, D be the extremities of two equi-conjugate 
diameters. Then CP® = CD®. 

a® cos® ?'+6® sin® 9“a® sin® ^> + 6® cos®?». 

.*. (a® - 6®) cosV“(a* “ sin®?? 

tan®??«=l, ortan?>=±l. 

.*. ?j*=45‘’or 135®. 

.'. Equation io CP is y “ " tan (p.x « ± -a;. ••• (1) 

Qt Qt 

b b 

Equation to CD is — cot <p.x = + — a;. ••• (2) 

* a o ' 

' . . . . a;® t/® 

Their joint equation is —sj ~ “ 0. 

From (1) and (2), it is clear that the two equi^conj'ugate 
diameters^ CP, CD are equally inclined in opposite senses to 
the x^axis. 

Length of each equuconjugate diameter 

«= 2CP ■■ 2 >/o^co3® + 6® sin® ^ 

= 2 >/ilo’^Tii®), since cos® ?) ** sin® ?> ** 4* 

- V2(a®+6®). 
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9'26. Supplemental chords. 

Diet. The chords joining any point on an ellipse to 
:the extremities of a diameter are called supplemental chords. 

To prove that supplemental chords are parallel to 
-conjugate diameters. 


Let P be any point (a cos h sin 9>)ron the ellipse, and 
let QCQ' he s, diameter, the eccentric angles of whose end¬ 
points Q, Q' &ie Tit Vx+n, 

TJie equations to PQ, PQ' are [by Art. 9'12^ 


X 

- cos 

a 


-r + 7 Sin— o-cos .U; 


'I 


-COB -— -+ T sm^^^—-=C08 —s— • 

a A o *A 2 


t.e. 


X . T'^Txj y T + Vx • T“'Tx 

- a ““ 2 b 2 “ 2 ■ 


•( 2 ) 


The W of lino (l) ^ cot^-~^* 


a 


The ‘w’ of line (2) — - tan 
The product of m'e “ b^la^. 

Hence the lines PQ, PQ' are parallel to conjilgate 
•diameters. 

t 


9*27. Pair of tangents from a point. 

To find the equation of a pair of tangents from (xx, Vx) 
io the ellipse. 

' Axiy line through (a;i, ^i) is 

... (l) 

> 

or y""mx + yx**fnxx* 
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If it touches the ellipse, 

x/a“m® + 6*, {.Art* 9'll\ 

or (^1 - maJi)** “ a*w“ + 6®. ... (2) 

Now, eliminating m between (l) and (2), we get the 
equation of the pair of tangents from (iCi, y^), viz. 

or (xyt - yxxf = a^iy - yi®) + fe®(a! - a;i)®. 

This when simplified can be put in the form 




a 


9'28. Polar Equation. 

(A) To find the polar equation of an ellipse^ referred 
to its centre as pole and major axis as the initial line. 

Putting a;—r cos 9, y = r sin 9 in the equation 

a® ^6® 


we get 


or 


i/cos®fl , 8in®fl\ ^ 


CO8*0 ^ sin*© 


r* a* ^ b* 

(B) To find the polar equation of an ellipse referred to 
its focus as pole and major axis as the initial line. 

Let P(r, 0) bo any point on the ellipse. Draw PM, PN 
perps. to the directrix and major axis. 

Join SP and let Z-• semi-latus rectum SL. Now 

SL^-eSZ, 

r^-SP^ ePM - eZN-^.eiZS + SN), 

*“ e(SZ + SP 008 9) •• Z + er cos 9, 
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or 


» y(l - e cos 0) =* 1. 

r_L_. ' 

1 - e cos 6 


( 2 ) 



If jS^ be taken as the positive direction of the’initial 
line and <ZSP^Bt then the equation becomes. 

I 

1 + e cos 0 

0'29. Important Geometrical properties. 

^ We give below a collection of a few important geometrical 
properties which are of frequent occurrence. Some of these 
have been established before and some in Art. 9*30. [IWuA- 
trative Examples], 

Here r, / denote the focal distances of a point P on the 
ellipse, Pi p' denote the perps. from the foci S, S' upon the 
tangent at P, po is the perp. from the centre upon the 
tangent. CP^ CD are two conjugate semi>diameters and o is 
the angle between them, and <p is the angle between either 
of the focal distances of P and the tangent at the point. 
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Then, 


r+r'=2a 

- (1) 

CP*+CD* = a*+b=' 

... (2) 

p.CD = ab 

- (3) 

CP.CD8lna = ab 

... (4) 

rr'-SP.SP'-CD* 

(5) 

r r 

(6) 

pp' = b2 

- (7) 

sin 0 -2-••-Es • 
r r a 

... (8) 


4 


9*30. Illustrative Examples. 


Ex. 1. The product oj the 
perpotdiculars from the two 
foci of an ellipse on the tangent 
at any point to it is equal to , 
and the two focal distances of 
the point mr'kecqtial angles with 
the tangent. 

Letp bo tho porp. from the 
focus S (ae, o) upon the tan¬ 
gent at (a cos b sin 0), 



i.e. upon 


* cos 0-b ^ sin 0-1 = 0. 


e cos 0 — 1 

p= -— 


__ «ft(«CO8 0 —1) 

/cos‘‘0 sin~^0 sin'*0 + 6* co8'''0 

V a* 6* ' 


( 1 > 


Similarly, if p' be the perp. from tho other focus S'i-ae, o), upon 
the same tangent, 

»_ o?>(—e cos 0 —1) 

\/a’*Bin’*0+6* cos^0 


P 


(21 


^ co ft V) 

a* sin*0-l-6* cos’^' 


13 
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Now, a* sin*0+6’ cos*0=a* Bin*0+o*(l—e®) cos®^ 

—o®(l—c® coa*0). 


Let SP=r, S'P=r\ 

then r=SP=a—ex'ail —e ooa <p) 

t' — S'P ^ a+ ex' = a{l+ e cos 0 ). 

From (1), (2), (3), (4), it easily follows that 


r r' 

/.SPM= A.S'PM\ 
i.e. A* 8PM, S'PM' are similar. 


f 


(3) 

(4) 


Note. Let po he the perp. from the centre on the tangent at P 
and let 0 (in the notation of Galoulus) denote either of the angles 
SPM, S'PM' , then we have 


sin 0 = 


2 

r 


v' ^ v\-v' ^ 2po ^ Po 

r' r+r' 2a a 


This is an important relation. 


Ex. 2. If p he the perpendicular from the centre of an ellipse upon 
the tangent at any point P on it and r he the distance of P from the 
centre, show that 


a*+b*—r* 


a'h* 
* P’ ■ 


If r' be the semi-diameter conjugate to the semi-diameter r, wo 
have by Art. 9*24, 

r®-f-r'*=a*-l-6®, ... (1) 

and pr'=ab, ... ... (2) 

Eliminating r' between (1) and (2), we get 
r® + a®6’/p®-o® + 6®, 
or a^+ b*—r'^—a^b'^lp** 

This is called the pedal equation of the ellipse w.r.t. the centre. 

Ex> 3. If p he the perpendicular from the focus upon the tangent to 
the ellipse at any point P and r be the distance of P from the focus, then 

b» 2a . 
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(Let r, r' bo the focal distances of P and p' the perpendiculars 
(from Sy S' upon the tangent at P. 


Then, we have 
• and 

Also, 


r+r'=2a [Art. 9‘5] 
pp' — h^. {Ex. I."] 
p —V* — 

r ~~r'~2a — r~p{2a — r) 

fog^ 2a- r_2tt .. 
p* r ~ r 


This is called the pedal equation of the ellipse w. r. t. to the focus. 

Ex. 4. Show that a pair of equi-coujugate diameters of an 
ellipse, may he designated either (i) as a pair of conjugate diameters, the 
eum of whose lengths is a maximum or (ii) as a pair of conjugate 
.diameters whose mutual inclination is a minimum. 

(i) Let u, V be the lengths of semi-conjugate diameters. 

.’. u^+v*^k^ where k'^ =a* +b^. 

So (M-fv)’ =*2 (m* (/t—v)® = 2Zi:® -- {u — vy 

=sa maximum where (m— tO* a* minimum 
i.e. when u = v, i.e. when the diameters are equi-conjugate. 

*(ii) Lot a bo the inclination between two conjugate diameters 
y = mx and y = m'x. 

j 


m+m 


+ tan a = 


m — m 


m—m 


m — m 


\-imm' l — b'^la* e* 
m—m'= +e® tan o. 

(m-fw')® = (»»—m')® +4mw'«=0* tan®a —46®/a® 

= e* tan® a-4(1-^®). 
e* tan®a —4(l--e*) ^ 0. 

tan®a ^ 4(l~i}®)/e‘*, 

I tan a I attains the minimum value %ji—e^le* when 
s=0 i.e. m— —m'. But mm' = — b'^ja^. 

. m=‘bla. m'—bja. 

the equations of the two conjugate diameters become 

b 

3/-±5*. 

-which are nothing but the equi-oonjugate diameters. 
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Ex. 5. Show that the atigle between the tangents drawn from 

ft d 

(®i t Vi) to the ellipse ^4 +^7 = 1 is 

Cv o 


‘tan 


Ki'* + 2 /, “ — a* — 6* 


We have seen in Art. 9*14, that the m’s of the two tangents drawn* 
from {xi,yi) are given by the roots of 

(aji’—a*)??!* — 2a;i2/i?»+2/i’—*6’=0. (1) 

Let a be the angle between the tangents and let mj, be the two- 
roots of (1). 

Then, 


^ m, — w, 

tan a = , — 


l+WjW, 

Now, (»»j-W4)'^ = (m|+W9)’-4mi7Jia 
_ 4®,-ft* 


( 2 ) 


_4.<®, * - (®, * -a*)(2/i *--ft *)> 

_ \ a. ft, / 


(3) 


(®/-a*) 

Nq,w, extracting the square root of (3), we get the value of mi—m^ 
and dividing this by (4), the rcqd. result is obtained from (2). 


Examples IX(B) 

' k 

*1. Find the middle point of the chord ot x^la^ + y^lb^ 
"* 1 intercepted on the line lx + my *= 1. 

2. Find the locus of the middle point of the chords- 
of an ellipse 

(i) which pass through a fixed point (a, fi), [C. fJ.]; 

(ii) which subtend a right angle at the centre, 
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(iii) which are normal to the ellipse, 

(iv) the tangents at the end of which intersect 

orthogonally. 

‘ 3.* Tangents are drawn from any point on the circle 
■¥ to \ find the locus of tho 

mid-point of the chord of contact. 

f 4. Show that 4® — 3?/ + 4 = 0 and a; + 3|/ “ 7 = 0 ara 
parallel to the conjugato diameters of 4a;‘‘^ + = 36. 

5. Show that 3a;^ + Ar?/- 4i7^ =0, (where A is a para¬ 
meter) represents a i)air of conjugate diameters of 

= 144 for all values of A. 

6 . If (ajt, i/i), (ira, i/a) ho tho ends of conjugate diame¬ 
ters of tho ellipse x^td^ + 1 /^ 6 “ = 1 , then 

(i) XiX2!d'^ + yi,y2lb'^^0 ; 
and (ii) Xn = ±{alb)yi, ?/2 = +{bla)xi. 

7. If {xx,yi) and (x 2 , y>d) be tho extremities of a pair of 

■conjugate diameters of the ellipse x^id^ + y'^lb^ =l,show 
that Xiy 2 “2522/1 = ±ab. [C. O.] 

8 . If tho pair of linos Ax'^ + ^Hxy + By’^ = 0 be 
conjugate diameters of tho ellipse £C*'^/a“ + 2 /^/ 6 “ = 1 , then 
■a^A + b‘^B^0. 

' 9. If the points of intersection of the ellipses x^la^ + 
y^Jb^ = 1 and + y'^/d'^ = 1 bo at the extremities of tho 
.conjugate diameters of tho former, prove that 

d^!a^ + h^if=% [G. f7.] 

' 10. If the lino -x + ^ y = n cuts the ellipse b^x^ +^**2/* 

ct o 

^d^h^ at the ends of conjugate diameters, then + 

= 2 »^ 

11. Show that the lines joining the centre of a;®/a® + 
+ 1 /^/ 6 ^ = 1 to its points of intersection with the line 
y + are a pair of conjugate diameters of the 

■ellipse. 
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12. Show that the equation of the line joining the* 
extremities of two conjugg-te diameters of the ellipse, the* 
eccentric angle of one of which is q>t is 

~ (cos q> - sin g>) + (cos <p + sin ?») •= 1. 
a 0 

13. Prove that the chord, which joins the extremities- 
of a pair of conjugate diameters of the ellipse, always- 
touches a similar ellipse. 

> 14. If P, Q are the extremities of conjugate diameters 
of an ellipse, find the locus of 

(i) the middle point of PQ^ 

(ii) the foot of the perpendicular from the centre 
upon PQ, 

(iii) the point of intersection of tangents at P, Q. 

15. Show that the polar of any point on a diameter of 
the ellipse is parallel to its conjugate diameter. 

16. Show that the major and minor axes are the only 
pair of conjugate diameters which are perpendicular to each- 
other. 

» 17. Prove that the lines joining the centre of an ellipse 
to the points of intersection of any tangent to the ellipsa 
with its director circle, are conjugate diameters of the 
ellipse. [0. U. 1936] 

/ 13. For the ellipse 8®^ + 12?/® *=• 96, find a pair ofi 
conjugate semi-diameters inclined at an angle tan" ^7. 

19. In an ellipse the tangents at the end^ of its axes 
form a rectangle ; show that its diagonals are equi-conjugate 
diameters. 

20. Prove that the product of two conjugate diameters- 
is greatest when they are equi-conjugate. 

v. 21. Find the equation of the pair of tangents drawn 
from (4, 2) to the ellipse + 2y® = 4 and find the angl®; 
between them. 
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22. Find the equation of each of the^ tangents drawn 
from the point (“• 15, - 7) to the ellipse + 25®* = 225. 

[c. a.] 

23. Find the locus of the point of intersection of a 
pair of tangents to the ellipse if 

(i) tan 01 + tan 02 “ /c (constant), 

(ii) cot 01 + cot 02 — A (constant), 

where 0i, 0i are the angles which the tangents make with 
the major-axes. 

24. A pair of common chords of the circle £C® + 

and the ellipse x'^ia^ + = 1 pass through the 

common centre. Find its equation. 


[ Use S+'SS' = 0 as representing a pair of comnw7i chords. ] 


25. Find the common tangents of the ellipses 

.!2 „3 


a;" 


V 


■z + U “ 1. 
a o 


2 “ n‘2 -I- 

a p 


[Use the conditiofi that lx + my + 7i = 0 should touch both the ellipses ; 
hence obtain proportional values of Z, nt, 


26. Verify that the tliree conics 


r» 



<> 


+ 




o 

JC“ 




= 1 


will have a common tangent if 


ffli^ 6i® 1 [ = 0. 

aa® 62“ 1 

as" 63^ 1 


27; Prove that the sum of the squares of the reciprocals 
of two perpendicular diameters of an ellipse is constant. 

[ Use Art. 9‘28, equation {!) ] 
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28. Show that the semi-latus-rectum of an ellipse is the 
harmonic mean between the segments of any focal chord. 

[ Use Art. 9’28 equation {3) ] 

( 

29. Show that the sum of the reciprocals of any two 
perpendicular focal chords of an ellipse is constant. 

30. If the square of tlio length of a diameter of the 
ellipse 4®^ + 36|/* =* 144 be 

(l) the arithmetic mean, (2) the geometric mean, 

or (3) the harmonic mean between the squares of the 
lengths of the major and minor axes, find the 
inclination of the diameter to the major axis in 
each case. 



CHAPTER X 


HYPERBOLA 


10*1. Definitions. 

A hyperbola is the locus of a point which moves so that 
its distance from a fixed ])oint hears a constant ratio, (greater 
than unity), to its distance from a fixed line. 

The fixed point is called tlio Focus, the fixed lino the 
Directrix and the ratio is called the Eccentricity, usually 
denoted by e ( > 1). 

10*2. Standard Equation. 

To find the equation to a hyperbola, given the focus, 
directrix and eccentricity. 


K Y K 

• ^ i k t 




B 






V 


s' aV 


b' 



Let S be the focus, ZK tlie directrix and e (>1) be the 
eccentricity. From S draw SZ perp. to ZK. and divide SZ 
internally at A and externally at A in the ratio c : 1, 
so that 


SA SA' 


202 


CO-ORDINATE GEOMETRY 


Let C be the mid-point of AA\ Draw CY perp. to AA\ 
Take G as origin and CAX^ CY as ai-axis and j/-axis respec¬ 
tively Let AA' = 2a ; then CA = CA' = a, we have 

^SA ^SA' ^CS-jOA ^rS+jOA_' , 

® AZ A'Z CA-CX~CA' + C^ 

^ CS~n _ CS.+ o 
a-CZ a+CZ 

2CS_ _2^ 

“ 2a 2GZ 

GS’^ae. •*•(!) 

GZ = a/e. ••• (2) 

focus is {ae, o) and directrix is x-ale = 0. 


Let (a?, y) be the co-ordinates of any ])oint P on the 
hyperbola. Draw PN perp. to A A' and PM perp. to the 
directrix. From the definition 


SP = ePM, 
or SP^^e^PM\ 
or ix-ae)^+y^ =e^{x-aley, 
i.e, a;®(e^ “l)-7/^ = a*(e^ “1), 


i.e. 


2 2 
ic __ V \ 


1 . 


(3) 


aV-1) 

Sipco here e > 1, a^{e^ -1) is positive. So we can set 

b*-a“(e*-l) — (4) 

where 6 is a certain real positive constant. 

.*. (3) becomes 

v2 

1. ... (5) 


i!-y! 


a® b® 

which is the standard equation of the hyperbola. 

Note 1. If we take a point B' on the negative Bide of the origin 
such that CS'^CS^^ae and another point Z\ such that CZ'•^CZ^afe 



HYPERBOLA 


208 


and draw Z'K' perp. to AA'^ PM' perp. to Z'K', then it can be easily 
shown from the equation (5), that the relation S'P^=e^PM"^ is 
satisfied and hence S' is the sccmid focus, and Z'K', is the second 
directrix. Thus the hyperbola has a second focus and a second directrix. 

Note 2. The points A, A' are called the Vertices of the hyperbola, 
C, its Centre ; the lino AG A' is called the Transverse Aads, and the 
line BB' is called the Conjugate Axis, where B and B' are the points 
on the 2 /-axis such that CB = CB' = b. It should be noted, as is clear 
from the figure, that the conjugate axis x = 0 meets the hyperbola' 
x®/a* — i/’/b’ = 1 in imaginary points namely y= ±ih. 

It should also bo noted that in the hyperbola a may be > or < b. 


Note 3. Peculiarities of the curve. 


(i) As we have seen in the case of the ellipse, here also the curve is 
symmetrical about the origin, (which is therefore called centre), and 
also symmetrical about either axis. 

ft’ 

(ii) Since j/’= (x’—a’), it follows that for any value of x lying 

CL 

between and — a, j/ is imaginary, but for other values of x outside 
these limits, 7/is real. This shows that no part of the curve can lio 
between the lines x= ±a. 


(iii) Since (j/*+6’), it follows that for all real values of 

y however great, positive or negative, x has a real value. This shows 
that the curve will consist of two symmetrical branches, each extending 
to infinity in two directions, as shown in the figure. 


(iv) Transforming equation (6) to polar co-ordinates, 
we have 


1 _ cos’sin’0 
r*" a* ft’ 


cos’fl 

ft’' 



— tan’^ 



( 1 ) 


So long as tan’0 < ft’/a’, equation (1) gives two equal opposite 
values of r corresponding to any value of But when tan*0 > 
i.e. when tan 0 does not lie between — ft/n and ft/a, r’ is negative and 
hence r is imaginary. This shows that the hyperbola lies entirely 
between the two lines drawn from the centre, making angles tan"'^ bja 
with the transverse axis. 
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Note 4. With reference to the above equation of a hyperbola the 
following results should be noted : 

(i) Co-ordinates of the centre (0, 0) 

(ii) Co-ordinates of the focus : (±ae, o). 

(iii) Equation of Transverse axis : y=0, 

(iv) Equation of Conjugate axis ; x —0. 

(v) Equation of Directrices : x = ±ale. 

(Vi) .Eccentrieity + 

' ^ \transv. axis/ 

2 b^ 

(vii) Latus rectum »—• 

A 

(viii) Length of transverse axis s: 2 a. 

(ix) Length of conjugate axis 2 b. 

10*3. General Equation. 

To find the equation of a hyperbola whose focus is (a, fi), 
whose directrix lx + my + n = 0 and eccentricity is e (>1). 

Let P{x, y) be any point on the hyperbola> S bo tho 
focus, and PM bo tho perp. on tho directrix. 

SP^ePM, 

or SP^-=e^PMK 


.*. (x-aY+{y-^r=^e^ 

This is the reqd. eq’*. 

10*4. Latus rectum. 


{Ix + my + nY 


V +m“ 


The Latus rectum is the chord through either focus perp. 
to the transverse axis. 

Let LSL' be a latus rectum and let the co-ordinates of 
L be (ae, 1) so that SL ** L 


c^e^ 

a^ 


6 - 


■■ 1» or iij 

2b’’ 

I .MMM • 

a 


a 


Latus rectum 



HYPERBOLA 


205 - 


10*5. Focal Distances of a point. 

Let {x±, 7/1) be the co-ordinates of P. 

Tlien SP = ePM= eNZ = eiCN- CZ) = - a, 

i S'P = ePM' = eNZ' = e(CN+ CZ') - ex^ + a. 

S'P — SP =• (e 0 i + a) — {ex I — o) = 2a. 

Hence the (hffei’ence of the focal distances of any point on- 
the hyperbola is constfinl and is equal to the transverse axis, 

10*6. Parametric representation. 

Plainly x “ a sec 9 

y ■■ b tan (p 

satisfy the equation of the hyperbola whatever be the value 
of q). These may tlierefore be taken as the co-ordinates of 
any point on the liyperbola, q> being the parameter. 

Also X = a cosh (p 

y = b sinh 0 

may be taken as the co-ordinates of any point on the hyper¬ 
bola, since they satisfy tlie equation of the hyperbola. 

10*7. Corresponding Formulae. 

Many of tlie results obtained in connection with the 
ellipse in the previous chapter hold true for the hyperbola 
merely by putting —b^ for b''^ in the corresponding results 
of the ellipse. They can bo established exactly in the same 
way as in the case of the ellipse. 

For example, 

the condition that y^nix + c shall touch the hyperbola is- 

C“ ± t 

the equation of the tangent at (aii, 7 / 1 ) is 

xxr yy\ 
a^ 9 

the equation of the director !circle is ai* + y* ** a® “ 6 ®.- 
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a06 


As in the case of the ellipse, the auxiliary circle is the 
circle described upon the transverse axis as diameter and 
iience its equation is + 3 /® “a®. 


10*8. An Important Lemma. ^ 

If a, p bo the roots of the quadratic in a;, 

viz. ax^ + bx + c = 0, *•• ••• (l) 


the quadratic in y (obtained by writing l/ij for x) 


viz. a -~7 + b— +c = 0, i.e. cy^ + by + a*=0 

y y 

will have for its roots 1/a, 1//3. 



Manifestly (2) will have one zero root if a = 0 and two 
zero roots if a = 0 and 6 = 0, So (1) will have one infinite 
root if a = 0 and two infinite roots if a = b — 0. In the 
latter case (when a = 6 •= 0) the condition for equal roots 
is automatically fulfilled. 


In other words when the coefficients of the second and 
linear powers in a quadratic equation vanish, so that the 
•equation assumes the symbolic form 

O.a;^ + 0.® + const. = 0, 

.the two roots are equal, their common value being . 


10*9. Asymptotes. 

An Asymptote of a curve is a straight line which meets 
iit in two points at infinity but which is not altogether at 
infinity. 

To find the asymptotes of the hyperbola 

^ yl 

The line y — mx + c ••• (1) meets the hyperbola 

An points whose abscissae are given by 

_ (mx + c)* - 

by (6*“ 2 ( 1 ®wc®-a*(c®+6*)-0. (2) 
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If (1) be an asymptote of the curve, both the roots of (2) 
will be infinite, which requires that 

6®—2a*wc = 0. 

Hhnce m = ± 6/a, c = 0. 

the equations of the asymptotes are 


y' 


a 


or (written as one equation) 


L -Z! 

a* b® 


0. 


- (3) 

... (4) 


Cor. 1. From the above equations of the asymptotes, it 
is clear that they pass through the centre of the curve and 
the axes of the conic are the angle-hisectors of the 
asymptotes. 


Cor. 2. If in the above result, m = ±b}a but CT^O, then 
the lines ± a; + c will cut the hyperbola in one point 

€b 

at infinity and they are parallel to the asymptotes. 


lO'lO. Asymptotes by Inspection. 

If the equation of a hyperbola can he put in the form 

{axX + bxy + Ci){azX + b2y + C2)-h = 0 ••• (l) 

where k is a constant, then each of the lines 
axX+ b±y + Cx-0 

and a 2 X + b^y + C 2 ® 0 is an asymptote. 

For take the line aiX+ b^y + Ci = 0, 


or y 


“fci bx 


( 2 ) 


If we eliminate y between (l) and (2), to obtain the 
abscissae of their common points of intersection, it is 
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obvious from the form of the equation (1) that the quadratio 
in X, giving the abscissae, would at once reduce to the form 

0,x^ + 0,x —••• ... (3) 

since the first (product) term of (l) would be zero. 

Honce (jci, ^i), (£C 2 i y 2 ) being the points of intersection 
of (l) and (2). 

and since = mxi + c, ?/2 = mxz + c, 

2/1 = 2/2 = ". 

+ 6ly + Cl “=0 is an asymptote. 


Similarly, a 2 X + b 2 y + C 2 =0 is also an asymptote. 


Cor. 1. Thus, whenever the equation of a conic is of 
the form 


LM = constant, 


where L, M are linear functions, the two asymptotes of the 
conic are 

L = 0 and M ■= 0. 


Conversely, the equation of any hyperbola having for its 
asymptotes L — 0, M = 0, can bo WTitten as 

where k is & variable parameter. 

From above it is clear that the joint equation of the 
asymptotes differs from that of the hyperbola by a constant. 


10*11. Conjugate Hyperbola. 

A hyperbola S' whose transverse axis is BE' ( = 26)^ 
and conjugate axis is A A' ( = 2a) is a called a Conjugate- 
Hyperbola. It is conjugate to 




• • • 


( 1 ) 
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Its equation referred to the same set of axes is 


S' 



a 


“ 1 » 0 . 


or 




We easily see that the equation of S' differs from that 
of S in having - for and — for b^; 

(l) If e he the eccentricity of the conjugate hyperbola 


e 


2 


a" 


(2) A hyperbola and its conjugate have the same centre 
and the same asymptotes. 

(3) Foci of the conic are (0, ± ae). 

(4) Directrices of the conic are y=± ale. 


Not® 1. Peculiarities o/ titc curve. 

From the equation of S', it can bo shown as in the case of 8 
(Art. 10'2, Cor. 3) that no part of S' can lie between the lines 
V=±b, the curve consists of two symmetrical branches, each 
extending to infinity in two directions and it lies entirely in two 
sections formed by the asymptotes in which S does not lie. 

Note 2. A hyperbola and its conjugate cannot intersect in real 
poimsy os their equations are algebraically inconsistent. 

10*12. Conjugate Diameters. 

^ is) If a pair of diameters be conjugate with respect to 
a hyperbola, they will also be conjugate with respect to its 
conjugate hyperbola. 

The lines and y’^m'x are conjugate w.r.i. the 

hyperbola S if mmf ^919 (Art. 10*11). Now the condition 
that the above two diameters will be conjugate w. r. i. ^ is 
mm'^9l"~a^™9^a^, which is the same as before. 
Hence the result 


14 
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(ii) If a pair of diameters he conjiigate w, r. t, a 
hyperbola, one of them meets the hyperbola in two real points 
and the other meets the hyperbola in two imaginary points 
and the conjitgate hyperbola in real points. 

Let y ■» mx and y — m'x be the diameters ; then 

mm ^b^laf. 

Suppose I m I < hi a, then ] m' | ^bla. 


These two diameters meet the hyperbola S in points 
whose absciss® are given respectively by 



J-1 and 



The first equation gives real values of x and the second 
equation gives imaginary values of x. 

Similarly, the absciss® of the points of intersection of 
the above two lines with the conjugate hyperbola, S' are 
given by 

-fi)“ -1 **(/» -“r)- -1. 

In the first case the roots are imaginary and in the 
second case the roots are real. 

Hence the theorem. 

Note 1. It should be noted that when we speak of (PP', DD') as 
a pair of conjugate diameters of the hyperbola S, we mean in reality 
that one of them is a chord of 8 and that the other (i e. the conjugate 
line) is a chord of the conjugate hyperbola S', 

/ / (iii) If a pair of conjugate diameters meet the hyp&i'bola 
^nd its conjugate in P and D, then 

CP^-CD^»a^-b^. 

Let P (a sec b tan <p) be any point on the hyperbola 
2 2 

fix 

^2 ••• ••• V*/ 
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Equation of the diameter CP is 


b tan fp 

- - .Xi 


-sm <p. X. 
a 


( 2 ) 

a BQG <p a 

Equation of the diameter CD, conjugate to CP is 

b 


y 


•X 


is) 


[*.* 


( 4 ) 


a sm 

Line (3) meets the conjugate hyperbola 

^ 1 
^ 2-^2 “- L , ... 

in points given by 

x^L 1 \ ^ 2 \ 1 

—1= -1, t.e. a U“Coseo gj;*" -1. 
a \ sm <p a 


Hence, x= ±a tan (p, y- ±b (p. 

D is the point (±a tan 9 ?, ±6 sec v). 

CP®“a^sec^ 9 y + fe® tan^qp, 

*= d^tan^'j^ + 6*sec^97. 

CP^ - CD^ = {a} - 6^)(soc* 9J- tan^ri = a^ - 6®. 

Cor. Thus, we see that if the points P, P' of a 
diameter of the hyperbola are (a sec (p, b tan 9 »), {-a sec qf, 
- b tan q>) then the end points D, D' dying on the conjugate 
hyperbola) of the conjugate diameter will be (a tan 
b sec rt, (“ d tan <p, ^b sec <p)- All the four points are 
real. 

Note 2. Let Pi, P« be the points (imaginary) where the conjugate 
diameter CD meets the hoperbola. Then Z),, are {ia tan 

ib sec ^), (-ia tan —ib sec •p). 

Now, CP* — a* see* ^ + 6* tan*<p. 

CDy*=-a* tanV- 6 * secV- 
. •. CP* + CD I * ** (a* - 6*) (sec *0 - tan* 4>) 

= a*-6*. 


(iv) If CP, CD be two conjugate semi-diameters of the 
hyperbola of which S and S' are the foci 
then SP.S'P-OD*. 
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Let P be the point (a see h tan q?). 
by Art. 10*6, /SP “eaji - a — e.a sec 9 >“a, 

S'P — BXx + a " ea sec + a. 

. SP S^P •= a^(e sec - l)(fi sec 9 +1) * 

“a®(fi*sec* 9 “ 1 ) 

■■ (a® + 6 ®) sec® 9 ? - a® 

“a®tan*9 + 6*sec®flJ 
= CD\ 

(v) 7/ a pair 0 / conjugate diameters meet the hyperbola 
in P, P' a 7 u 2 conjugate in X>, D', 1(^0 tangents at 

P, P^ D., Z)^ form a parallelogram whose vertices lie on the 
asymptotes and whose area is constant and equal to Aah. 

The tangents at P(a sec q>t b tan <p) and D(a tan 
b sec v) to the hyperbola and its conjugate are respectively 

~ soc ? tan 9 ?“ 1 ... ( 1 ) 

a b • 

1 

® tanp- ? sec 9 !>=»-l. ... ( 2 ) 

a o 


Lines (1) and (2) are obviously parallel to CD and CP. 
For the point of intersection of (l) and (2) we add their 
equations, and get 


X 

a 


y b 

•*"7 * «.e. y^ - X, 
b a 


i.e, the point of intersection of the tangents at P and 
Z>, (say E) lies on the asymptote 

y — (bla)x. 


Similarly, tangents at D and P' meet at F on the 
asymptote y^(~ bla)x, 

tangents at P' and D' meet at Q on the asymptote 

, y"*(bla)x, 

tangents at D' and P meet at H on the asymptote 

y^'i-bMx, 
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Now the four tangents at P, P', P, P' form the par”*. 
EPGH, 

which is obviously 4 par*”. CPED 
• -8 ACPP 

»8x| 001 

a sec tp b tan (p 1 
a tan tp b sec V 1 

= 4a6. 


10*13. Relation connecting equations of a hyperbola, 
its asymptotes and its conjugate. 

The equations of the hyperbola S, its asymptotes At and 
its conjugate S* are 


^ a*" b‘^ 


a b 


Since the terms 



common to these equations 


will, for any change of origin and axes, change into terms 
which will be the same for all three, the above three 
equations will always be connected by the relation 


S^’^A^A-St 

i,e. S+S'"2A. 


10*14. Rectangular (or Equilateral) Hyperbola. 

Det. A Bectangular Hyperbola is defined as a hyper¬ 
bola whose asymptotes are perpendicular to each other. 

2 2 

jp* 1/* • 

The asymptotes of the hyperbola being 
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± ^ a;, they will be perp. to each other 


a \ at 

*= -1, i,e. if " 1. if i.e. if a— 6. 

a 

t 

The eqtiation of the rectangular hyperbola referred to its 
axes as axes of co-ordinates is therefore 


r2- 


and that of its conjugate is 


a' 




( 1 ) 

( 2 ) 


The asymptotes are 

y-±x. ... ... (3) 

ThuSy the asymptotes are the angle-bisectors of the axes ; 
and conversely, the axes also are the angle-bisectors of the 
asymptotes. 

a^ + b^ 


Since, e‘ 


2 when a *= 6, 


the eccentricity of every rectangular hyperbola is 

e- is/2. 

Since the equation of the Director circle is 
as*+ 2 /® — a® - 6^ **0 when 6, 

the Director circle of a rectangular hyperbola is a point 
circle. 

'^he diameters y = mx, y *= m'x will be conjugate w. r. t. 
the rectangular hyperbola if 

mm' ** = 1, i.e, if w' = llm. 

Hence the lines y *= mx, y *= “ ai are a pair of conjugate 
diameters. 


Del. An Equilateral Hyperbola is defined as a hyper¬ 
bola in which the transverse axis is equal to the conjugate 
axis {i.e.a’^b). Hence every equilateral hyperbola is a 
rectangular hyperbola and conversely. 
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10'15. Rectangular Hyperbola referred to its 
asymptotes as axes of co-ordinates. 

The equation of the hyperbola referred to its axes as 
axes Qf co-ordinates is 

x^-y^=‘a^. ... ... ( 1 ) 

Keeping the origin fixed, turn the axes of co-ordinates 
through an angle of — 45” ; then wo have to substitute 

X cos 45” + y sin 46”, i.e. ^ for x 


— X sin 45” + y cos 45”, i.e. ^or y 

in the equation (l). 

Thus, equation (l) transforms into 



or xy = ^a^. 

which can bo written as 

xy“C* 

where c® = ia^. 

This is the required equation. 

Note, The cmijugate hyperbola will obviously have the equation 
x2/=c',ifthe same substitutions are made for x, i/in the equation 

-fl*. 


10*16. Hyperbola referred to its asymptotes as axes 
of co-ordinates. 


Let (x, y) be the co-ordinates of any point P on the 
hyperbola 




w. r, t, its axes as axes of co-ordinates. 
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{x\ y) be the co-ordinates of P w, r, t* its 
asymptotes GX\ CY' as axes of reference, 2a being the 
angle between them. 



Draw PM parallel to CY' meeting CX' in M, Then 

x^CM,y-~PM. 

Since the asymptote GY' is inclined at an angle of 
ta,n~^bla with the transverse axes, 

a =* tan“' b/a, . *. tan a =» fe/a, 

b a 


sm a* 


’ « * cos Q 


J a^ + b 


^a^ + b^ 


Draw PN, ME perp. to GX and through M draw MN' 
parallel to GX to me.et PN produced at N'. 

Then, x « CNt y = PN, 

x^-CN‘=CK +KN ^CK+MN'’“CM QOS a +MP cos a, 

= ix' + y') cos a - (cc' + ’ 

y-PN^PN'- NN' -* PN' - ME =-MP sin a - CM sin a 

•“(y-x') sin a *" ( 2 /'“ ® 

Since (x'^ y) satisfy the equation (l), 

{«'+/)*-(y'- a?')* “a®+ 6®. 

or + ^®)‘ 
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Hence the required equation is 

xy “ i(a® + &®) (1) 

or xy*c“ ••• (2) 

where c® + fe®). 

« 

Note 1. The equation of the conjugate hyperbola 'when referred to 
the asymptotes as axes of reference can bo fouhd similarly as before to 
bo o’*. ... ... ( 3 ) 

Noto 2. It should be noted that although this form of the equation 
is the same as that obtained in the previous article, here the axes of 
reference are oblique, but there they are rectangular. 

10*17. On the Hyperbola xy ■■ c*. 

(i) The chord joining two points yt), {x^, y^). 

The equation o{ the chord is 

2/“2/1 (l) 

X± ■“ ®2 

Since the points lie on xy^c^, 

i»il/i "c®, a;22/2 *=c®. ••• (2) 

l/i ’-?/g ^ c®/a;i “ C®/a;2 „ _ „c® ^ 

Xx “ Xq Xx “ X 2 X\X2 

( 1 ) becomes 

2 / “ 2/1 “ “ ix “ Xx\ — ( 3 ) 

XxXz 

(ii) Tangent at (aJi, ^ 1 ). 

Putting X 2 =^Xx in (3), we find the equation of the 
tangent* at (xxt 2/i) to be 

y-y±= -^ 2 {x-xi)^ -—(x-xx) by (2) 

Xx X\ 

or yxx-^xyx’^^Xxyxt 
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The above results are true whether the hyperbola is 
rectangular or not. 

10*18. Parametric representation of xy»e^. ^ 

Since x ■■ ct 



satisfy the equation £cy = c®, whatever be the value of 
they can be taken to represent the co-ordinates of any 
point on the hyperbola a:^ = c®, rectangular or otherwise 
t being the variable parameter. 

As in the previous article, 

(i) the chord joining the points *tx 'tz* is 

x + ytit 2 ~c{t\ + tz) 

(ii) the tangent at is 

xlt + yt ■= 2c. 

10*15. Illustrative Examples. 

, Ex. 1. Find the asymptotes of the curve 

2x*+5a;j^+2y*+4aj+6y=0. [0. 17. 2955,’40] 

Since the joint equation of the asymptotes differs from the 
equation of the hyperbola by a constant, the equation of the asymptotes 
will be 

2x®+6®j/+2i/*+4x+62/+X—0. 

Since it would represent a pair of linos, hence by using the well- 
known criterion for a pair of lines, we have 

2.2.x+ 2.f.2. f-2.-V-2.4-X.V-0, 
or fX-f. X=2. 

the equation of the asymptotes is 

2x®+6ajy+2y*-f-4x+5j/+2«=0, ... (1) 

or 2a!*-4-®(6y+4)+2y*-l-6y+2=0, 

Solving it as a quadratic in x, we have 

_ -B»-4±3» 

4 


X 



HYPERBOLA 


319 


or {c+2y+l’=0, 2x+j/+2*0, 

which are the separate equations of the aspmptotes. 

Ex. 2. The area of a triangle cut off from the asymptote by a tangent 
to th^ hyperbola is constant. [C. U. 1930, ’34, ’3S, ’44] 

Let tho hyperbola be = the asymptotes being the axes of 
reference and let 2a be the angle between the asymptotes. Then 
tan as&/a. 

Tangent at any point P(Xi, ?y,) is 

®-+?'- = 2 . iArLlO'l?} 

«i Vx 

Suppose the tangent intersects the asymptote CX in D and GY in 
E. Then D is (2X|, o) E is (o, 22 /,) i.e. CD = 2a;,, CE^^y^. 

£iCDE — i CD.CE sin DCE=\. 2x,2^,. sin 2o 

=®2c® sin 2o [*.• (a;,, j/,) lie on the conic X 2 /=c’], 

= constant. 


The actual value of the area can be obtained by substituting the 
va’lues of c"=i(a* + 6“), 


and sin 2a 


2 tan a _ 2h!a 2ab 
l + tan^a 1'*a* + l!>'** 


• • 


AC/)^;=2.i(a’' + 6“) 


2ab 
a’+ 6* 


ah. 


Ex. 8 . The portion of the tangent at any point of a hyperbola 
intercepted between the axes is bitted at the point of contact, 

[C. U. 1932} 

Proceeding as in Ex. 2, we have D(2xi, o) and E (o, 22/,}. Hence 
the mid-point of DE is (x,, y,) —which is P. 

Hence the result. 


Examples X 

1. Find the equation to the hyperbola, 

(i) whose focus is (2, 2), eccentricity 2 and directrix 

» + l/ = 9, 

(ii) whose focus is (1, ‘~8), eccentricity «/5 and 

directrix 8® - 41/** 10. 
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2. Find the locus of a point which moves so that the 
difference of its distances from the points (± 5, 0) is 6. 

3. Show that the locus of the centre of a circle which 
touches two given circles externally is a hyperbola. « 

4. Show that 

a" 6" ^ 

represents a hyperbola, whose centre is (a, p). 

Find its eccentricity and latus rectum. 

[ Transfer the origin to (a, / 3 ). ] 

6. Find the equation of the hyperbola whoso foci are 
(4, 2) and (S, 2) and eccentricity is 2. 

6. For the hyperbola 16®® - Q?/® " 144, find the equation 
to the diameter which is conjugate to the diameter ®“2i/. 

[ 0 . u. mo, ’db] 

7. Prove that the lines x/a + ylb ” A and x/a — ylb“ 1/A 
where A is a variable parameter always intersect on a 
hyperbola. 

8. Show that 


a 1 

f , . 1\ 

& 1 





i) 


where | is a variable parameter, represents a hyperbola. 

9. If 2a be the angle between the asymptotes which 
enclose the hyperbola, then e = sec a. 

10. Show that the distance of a focus from an asymptote 
of a hyperbola is equal to the semi-conjugate axes. 

11. Show that the product of the perpendicular distances 
of any point of a hyperbola from the asymptotes is 
constant. 

12. Show that the pair of tangents drawn from the 
centre of a hyperbola are its asymptotes. 



HYPERBOLA 


221 


13. Find the asymptotes of the following hyperbolas 

(i) a;® -1/** + 3® - 72/- 3 ■= 0. 

, (ii) 10®® - 13®2/ - 32/® - 4® + 232/ - 6 “ 0. 

(iii) a®2/+ 6® + C2/+ d ■" 0. 

14. Find the equation of a hyperbola whose asymptotes 

are 2® — 2 / “ 3 •= 0 and 3® + 2 / - 7 *= 0 and which passes 
through (1,1). . [ikf. 17.) 

15. The asymptotes of a hyperbola are parallel to 

2® + 32/0 and 3® + 2//= 0. Its eentre is at (l, 2) and it 
passes through (5, 3). Find its equation. [M, C7.] 

[ Asymptotes pass through the cmtre. J 

16. Find the centre of the hyperbola 

2®^ + 2/^ “ 3®2/ “ 6® + 42/ + 6 = 0. 

17. Find the equation of the axes of hyperbola 

6®® - Ixy - 32/® = 1. 

[ Axes are the aiigle-bisectors of the asymptotes. ] 

18. Prove that the polar of any point on an asymptote 
of a hyperbola is parallel to it. 

19. Show that the asymptotes of a hyperbola meet the 
directrides on the auxiliary circle. 

20. Prove that the directrix is the polar of the corres¬ 
ponding focus of a hyperbola. 

21. Prove that the line joining the poles of two parallel 
chords of a liyperbola is a diameter of it. 

22., If ex Q'Qd ^2 he the eccentricities of a hyperbola and 
its conjugate, show that 




1 . 


[a U.1937, '41/481 

28.' Show that the circle described on the line joining the 
foci of the hyperbola ®®/a* - y^lb^ -1 as a diameter passes 
through the foci of its conjugate. 
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24. Prove that a chord of a hyperbola which touches 
the conjugate hyperbola is bisected at the point of contact, 

[C. U. 1932, '43] 

25. If fi and be two co-directional semi-diameters 
of a hyperbola and its conjugate, then ri* +r 2 * =0. 

26. If two hyperbolas are conjugate to each other, 
prove that the polar of a point on one w. r. t. the other 
touches the former. 

27. If a pair of conjugate diameters meet the hyperbola 
and its conjugate respectively in P and D, prove that PD is 
parallel to one of the asymptotes and is bisected by the 
other. 

28. Find the hyperbolas, conjugate to the following 
hyperbolas : 

(i) a;*- 1 /^ + 3a;-7 i!/-3 = 0. 

(ii) 10a;® - l^xy - 3?/® - 4a; + 23i/ -6 = 0. 

% 

29. In a rectangular liyperbola show that 

(i) SP. S'P^GP^. 

(ii) CP *= CD, where CP, CD are two conjugate semi¬ 
diameters. 

30. Find the co-ordinates of the vortices, and foci and 
the equation of the directrices of the rectangular hyperbola 
a;j/=c®. 

31. Any two conjugate diameters of a rectangular 
hyperbdla are equally inclined to the asymptotes. 

32. A series of rectangular hyperbolas have the same 

asymptotes ; show that if two lines form a pair of conjugate 
diameters w. r. t. one of them, they are so w, r, t, each of 
them. [0. U, ’1942] 

33. If the normal to the rectangular hyperbola a;y = c® 
at \tx meets the curve again at then 

[C. f7. 1945] 

' 34. There are. four points on a rectangular hyperbola. 
If the chord joining one pair is perpendicular to the chord 
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joining the other pair, then the same must be true for other 
pair of chords. 

35. Show that 2aj^ + ^xy — — 5a; + 5?/ =* 0 represents 

a rectangular hyperbola. Find its centre and axes. 

36. Find the area of the triangle formed by the two 
asymptotes of the rectangular hyperbola xy^c^ and the 
normal at the point {,x\ y) on the hyperbola. [C. U, 1941] 

37. Show that perpendicular focal chords of a 
rectangular hyperbola are equal in length. 

38. If a line intersects a hyperbola at point P and P' 
and its asymptotes in Q and Q\ show that PQ — P'Q\ 

[C. U. 1939, ’42] 

[ Use the equation xy — c* ] 

39. Prove that the locus of the middle point of the 

portion (intercepted between two given lines), of a straight 
line which passes through a fixed point is a hyperbola whose 
asymptotes are parallel to the given lines. [C. U. 1936] 

[ Take the two given lines as axes of reference {oblique) ] 

40. Find the common tangents of the hyperbolas 

(i) 2x^—3y^ = 6, llaj® — “44. 

(ii) , h^y^ — . 

41. If tlio polar of a point (a, $) w. r. t. the parabola 
y^ — iax touches the circle x^ + y^ “4a*, prove that (a, P) 
lies on the rectangular hyperbola aj* — y* “4a*. [G. U. 1933] 

42. Find the locus of the poles of tangents to the 
auxiliary circle of the hyperbola 

aj*/a* - y*/5* “ 1 w. r. t. the hyperbola. 
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Equation of the ellipse referred to a pair of conjugate diameters 
as axes of reference. 

Let the equation of the ellipse (in the general form) be 
aa:^ + 2/ia?j/ + 6^^+ 2gaJ + 2/|/ + c —0. ... (l) 

Since the conjugate diameters are the axes of co<ordinateSf 
every chord parallel to the a;-axis is bisected by the iz-axis. 
Hence if we put ^ ‘m in (l), the resulting equation 

a®®+ 2aj(^m+g) + bm*+ 2/m+c*=0 ... (2) 

has two roots equal in magnitude but opposite in sign. 

hm + g^^O. ... (3) 

Since this is true for all values of w, 

7i«=0, ef = 0. 

Hence equation (1) reduces to 

+ + 2/2/ + c“0. ... (4) 

Again any chord parallel to ^-axis is bisected by ®-axis. 
Hence if we put ® “ w in (4), the resulting equation 

+ 2/2/+ + c “ 0 

has two roots equal in magnitude but opposite in sign. 

/. /-o. 

Thus the equation (1) reduces to 

or - = ... *(5) 

c c . 

Let a\ h' be the lengths of the semi>conjugate diameters 
along the axes of x and y. Putting y^O and ® — 0 succes¬ 
sively in (5), we get 

a 1 6 1 

c CO 



APPENDIX 


226 


/• the reqd. equation is 




Cor. When the axes are equi-conjugate diameters, each 
of length a^ the .equation of the ellipse is + 
which although of .the form of the equation of a circle, does 
not represent a circle as here the axes are oblique. 


Note. Exactly in the same way the equation of the hyperbola 
referred to its conjugate diameters as axes can be obtained. 


Alternative Method, 

Let CP, CD be a pair of conjugate diameters and let QVB be any 
chord parallel to CP, meeting CP in V ; then V is the mid*point of 
QR, 


* Let a, /3, ^ be the eccentric angles of Q, B, P. 

Co-ordinates of V are 

a!*» Ja(oos *+cDB cos i(a+|3) cos i(*“|3), 

3 / = ^6(sin a+sin /S) = 6 sin 4(»+/3) cos i(«“|8)* 

Since Vlies on CP, it follows that 0 = i{a+^). 

co-ordinates of P are a cos i(a-i-/3), 6 sin ^(a-F|3) 

„ „ D ,, -a sin i(a + ^), b cos i(a-4-/3). 

Now, CF'-^la’cos* i(a-t-'^) + 6®8in* 4(a+|3)}cos*i(tt-/3) 

/■ *=CP^ cos* 4(a —/3). 


Again, 


QF* = iQP®=»4 [o*(coB o-cos i5)*+6*(sin a—sin /3)*] 
*»{a* 8in*4(a-l-j5) + 6* C08*4{a-*-j8)l 8in*4(a-/3) 
•=CP* Bin*4(tt-j8). 


. Cjr .QF“ 


= 1 . 


Now^ if CP, CD be taken as axes of co-ordinates (oblique) and 
' CP^a't CD^h'exAxt y be the co-ordinates of any point Q on the 
ellipse w. r. t. these axes, then we have 
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ANSWERS 


Examples 1 

1. (i) a'^{b-c) + mc-a)+cHa-h), (ii) 0. (iii) 0. (iv) 0. 

2. (i) o*+?>* + c‘-3a6c*=0. 


(ii) 


b. 

c. 

= 0. 

3. (i) 


2/i 

1 

= 0. 

(iv) 

X 

y 

1 


a. 

ba 

Cj 



2^2 

3/a 

1 



iC 

V 

1 



b» 




«a 

3/a 

1 



a 

b 

0 


4. (i) 3. (ii) 0. 


Examples II 

2. (4, 5) ; 5. 4. (i) (ii) oa' + /?^' = 0. 

a /o*-ab+2b» a*+3ab-2b’»\ /a®-3a6-26* a» + a6 + 2b*\ 

.* \ a+6 ’ a+b T V a-b ’ a-b ' A 

9. (ii) (10,4). 12. (i) 2. (ii) a(6»-c*) + b(c*-a»)+c(a»-6*). 

(iii) 2ah sin 8>n 4(^8“ 0i) siQ 4 ( 0 i- 0 - 2 )* 

(iv) 4 c*(<a-f.,)(« 3 -«j)(<i-^,)^i,16. 0. 

20. (i) 20h (ii) 3. 22. (i) ^3- (ii) W3.a*. 

23. {a) (i) r = 2aco8 0. (ii) A cos d + B sin b + C/r=0. 

(iii) 6 = a, (iv) r = a. (b) (i) a5’+t/®=a*. (ii) x^+y^ — 2ax, 

(iii) Ax + By=sJc. (iv) (a;®+7/’)®*=o’(fl!“ — j/*). 

(v) xy = a^. (vi) 2 /® + 4ox = 4a®, 

(vii) X* — Sxy^ +Bx*y — y^ =‘5kxy. 

24. (i) a!*+2^® = a®. (ii) 2/® = 4aa, (iii) 3a;® + 42/®— 16» —162/ +32=0. 

(iv) ay=>c^* (v) r* —2rr, cos(b —0j)+ri®=a®. 


Examples III(A) 

1. (i) OJ cos 4(a + i3) + 2 y sin 4(a + /3) = a cos 4(tt —^). 

(ii) 2/(<i + f.2)‘“2» = 2afi<a* 

(iii) I cos sin ’‘-■^^•-OOS 

4. (i) I*-. (ii) 0. 

7. (i) («“«')-^ (2/-2/')« (ii) (a(y'+/)-»(»'+g)+gj/'-/®'-0. 
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m ® /.M j. 1 M r'\ Lcos .sin i(^ + 0 ')') 

IWima’ ^\Wi’*'wa)j I cos i(<^-0'j’^008 410-0')) 

18. 2aj—i/—3 = 0. 


(ii) 8j/=7a;+9. (iii) x+y—9—0. 
23. be •hcd+ctb^ 


12. (i) llaj-2j/-9=0. 

14. (i) 119® +1022/=125. 

16. (ii) k=5 ; (- 2 , 8 ). 

no /i_ /ii*' J €iifi{b'"~b) bb^((i~ct') 1 

a . (ia. 4b ), (4a , 4b), giab'-a'b)’ 2 (ab'-a'b)/‘ 

29. 5® + 69y-28 = 0. 37®+ 29j/-112 = 0. 

81. 3® + 2/=8 ; ®- 32 /= 6 . 82. (a) ^i) (H, ^•’0. 

(ii) {-a, o (^++ ~+~ W (?. S). 

33. (i) 4* (ii) 4(ci--Ca)* + (wi-ma). 


(ii) 1 [(c^-c,)* ^ (c^-c,y j (C,- Ca)^1 
' 2l»na—Wj m.,—wii »»i—m.jJ 


Examples III(B) 

1. (4,1). 5. 1. 7. ( 0 , 0 ). 10 . 2 a®+ 2 b 2 / + c + c'= 0 . 

11. 3. 12. (I, ?);2. 13. 3® + 2/-8=0. 

15. 7®-42/ + 16-0, 8»+142/ + 9 = 0. 16. x + y = 0,x-j/^0. 

18. 2 » + 2 / —3 = 0, ®+ 32 / — 4=0, x — p^O. 20 . (l]j, -?V') » ( 1 | !)• 
22. A right line. 35. {-4* co®®® 4® ®o®®® 4P» 4(® + P))* 

40. ®*+y*—a®—b 3 y = 0. 


Examples IV 

1. (i) 2®'+37/=:?0. (ii) *'*+2/'’=87. (ii) 32/'“ = 7®'. 

(ii) 6 ®'*- 42 /'* = 16. 2. a=3, p=-5 ; A=4, B = tV- 

8 ^. (1,-1). 4. (2, 3) ;X=-4, m=“ 3, t; = 6. 9. 4ir ; 2. 

7. -46°, 4a*. 8 . 2®i/+o*=0. 10. 45°. 

11 . = - 3 , 7 c = - § ; the equation reduces ts 12 ®'* - 10 ®V+ 22 /'* « 0 . 

t 

Examples V 

1 . (i) tan-* 8 . (ii) a. (iii) 4 t. 

2 . (i) ®*- 2 /*= 0 i (ii) (a*-b*)(®*- 2 /*)* 2 c*® 2 /. 

10. 3®*-7*2/-By* “0- 11* (aa'-b 6 ')* + 4(afc'+b'7i)(a'h+bh')=0. 
18. (i) 86 . 16. (i) (-1,1) ; tan-* 4 : (1. 3), 90° ; (4, -7) ; tan"* 4. 
(iv) (- 1 , 2 ); tan-‘ f. 
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17. (i) -V^t; (ii) ±1, 18. (iii) 

25. 705* — 22®2/ —77/'— aGx + 387/ + 167 = 0. 29. 9, or —4. 

Examples VI(A) 

2. 4. 6, (i) a;*+7/*-10x-10?/+25 = 0. 

(ii) a’+ j/* — ISoB—123y+.36 = 0. 7. a*+y*—7x —13)/ —62=*0. 

8 . a*+7/*-8a+12.1/-49=0. 9. (i) Outfiide the circle, (ii) No. 

10. No. 11. 2 Vg^-c (on ®-ax>a), 2^/^^c (on y-axis). 

12. (-1,-1). 13. (a-h) cos a4-(i/ —fc) sin a=n. 

18. (a, 0), (0, a). 10 . (i) 4a + 32/ + 5=»0 ; 4a + 3j/ —25 = 0. 

(ii) 3a-4t/-10=0 ; 3a-47/+20 = 0. 20. (3, 6)(-l, -11). 

"25. (j» — i). 29. 8. 30. (i) st. lino. (ii) circle. 

24. a* + ?/* + a(2g + cl) + y{^f+me) = 0. 

35. (i* +m*)(a* + 1 /*) — 2Za — 2my — ■{a*(Z* +7n*) — 2} = 0. 


« Examples VI(B) 

3. Circle. 

5. If (lit If) be the fixed point and .a* + 7/* =a* be the given circle, 
then the centre of the locus is {^h, ik) and its radius is ^a. 

7. (a* + 7/*) ’ + 2(ga +fy) (a*+?/*)- {gy -fx) * + e(a* + t/* ) = 0 . 

8 . 2(a*+7/*) + 2ga + 2/7/+c = 0. 

In mn 


1 «. (0 




(ii) 87/-2a = 1.3. 
12 . a* + i/“ = ^n*. 


m* Z*+77i*j 

It. a* + 2 /* = lix+ky. 

15. 6a* - 6?/* - 5x7/+ 13a+65?/-169 = 0. 16. 3a*-10x7/+3)/* =0. 

19. (i) [ja^ + b\ tan-»^) ; Ja’^ + b^ (ii) (5,30°) ; 5. 

20. (^/2a, 45°), (- n/Otj, 135°). 

•24. r*-r{r, cos (0-0,)+r., cos {0-0a)>+»’i»'a oo® (0,-0a) = O. 


Exampels VII 

1. 3. a*+j/* ■i-6a-3y=0. 5. aa-5|/=0. 

6. (i) (-S. -ii). (ii) (-2. -1) ; 2. 

8. a*+j/*-9a-47/+12=0. 

10 . 2(a*+7/’) + 2 a+ 62 /+l = 0. 


11. (i) 10. 



230 


CO-ORDINATE GEOMETRY 


(i\) 12, (1, 1), (-2, -2). 

16. (i) aj“+2/“-8®-8y+16=0. (ii) ®’' + j/*-16a!-182/-4=0, 

(iii) c®—6y+«* =0. 

17. 2sf,(gj-fl[.J + 2/a(/i-/.j) = c,-c.j. * 

18. (i) 24® + 7i/=125; 4®-3g = 25; 7®“24j/ = 250 ; 3®+4g«60. 

(ii) *•»!, g = 2, 4® —3g=10, 3®+4g«*5. 

21. 3® + g-4»0. 22. (i) (5, 4) (-5, -4). (ii) (2, 0), (0, -2). 


Examples VIII(A). 

1. (i) ®*-2®jy+2/*--18®-10g+46 = 0. 

(ii) 16®“ + Mxy +9g* - 256® - 142g+849 = 0. 

(iii) ®*+^y*+2®2/-*4® + 42/ —4«=0. 

(iv) ®* —2®g+g“+24® + 8i/+16 = 0. 

(v) 5{(®+6)* + (g+6)“y=(®+2t/—22)*. (vi) g* =4(6—a)(® —a). 

2. (0, 0) ; 4®—3j/ = 0. 3. (i) Vertex ( 4 -, 1) ; focus (3, 1) ; 

axis 2 / = l ; directrix 2 » —1=0 ; latus rectum = 5. 

(ii) vertex (-|, ~%h) \ focus (-f, -U) ; ®+.l =0 ; ^ 

directrix 1 /+5^ = 0 ; latus rectum = 2. 4. 2 /= 2 ®*—7® + 2. 

6 . inside ; upon ; outside. Bead g* = 16® for j/* = 4a®. 

2m* co8*a 


7. Vertex 


/m* sin 2a 

M* sin*o\ 

\ 2g 

2g / 


latus rectum ‘ 


9 


12. ®—|/+M=0, ®+ 2 /+a =0 ; ®+ 2 / = 3a ; x — y — ^a. 

13. (i) 3g=2®+9 ; (ii) 5/ = 2®+l. 


14. (iu, ^ JSa). 


26,^ 2/*(® + 2a)+4af =0. 
(ii) ?/=±(® + 2a.) 


16. tan 


3a^6 * 
2(a^+6^)‘ 


S3, (i) a^®+6^j/+a^6^ *Or 


z 

,a- 


Examples Vm(B) 



6. «/*(g*-2a®+4a*) + 8a* = 2. 7. 

8. jy* = 2a(®—u). 9. 

11. ^* + 2®*+4®g+12»+4g+2 = 0. 




2/* —fcy=2a(®—fc). 

2/* = 2a(® —4tt). 

(^. 3). 


( yi*“4ag,)^ 

2a 


12 . 


a 


13. 
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14. (3y-5)*«8(aj-3). 

15. {a(i,*+<4*+<i«3)+2a, -atittih+U)}. 

21. (i) —4o£B = 8{aJ+a)*. (ii) j/*—40® ® («+«)*. 

(iii) 3(j/* — 4o®)=(®+o)* 22. j/* — 2o«=»&®’. 

23. TS) + —fl)*}. (ii) y*=>iax+a*k*. 

26. (2, -4), (18, -12), (32, 16). 

27. y = » —6 ; 3/ = 2® —24 ; j/ + 3® = 66. 80. Vo. 


Examples 1X(A) 

1. (i) 5®’+62/®+2®?/+ 10® —22^ + 39 = 0. 

(ii) 7®®+72/®'t-2»j/+10®-102/ + 7 = 0. 

\ 3 3 / 81 ^ 45 

4. (0 ( — 2, 3), (4, 3). (ii) « = i ; latua reotiim«3. 

7. upon, inside, outside. 8. (i) jir. (ii) 45'^, 135”, 225”, 315”. 
9. 5. 11. ®®/5®+j/®/4® = l. 

14. (i) ±*±6. (ii) 

1?. (i) (1,-i), (-1, J) ; (ii) (2, S). (-2, -5). 

27. (i) (o®Z, 6®m), (ii) (o® cos o/p, 6® sin o/p). 

OiO rSi n jt (g + 0)^ 

00a i(0 — 4*) cos 4(^~0) 

30. (i) o®®® + 6®p® = o\ (ii) ®®/o*+p®/6* = l/o®. 


84. (i) — Bind— ^ cos 6 = 0. (ii) ®*/a*+p®/b*=Bec*5. 

o o 

87. fea/o® + %/6® = l. 88. o*/®®+6®/2/*>=(o*—6®)*. 

41. ®®+2/® = 13. 44. o®Z® + 6*m®=o®+6®. 


Examples IX(B) 

. /_o®J_ &®w \ 

\o®i® + 6®w®* o*J* + b®»»®/ 

2. (i) 6®®(®-a)+a®2/(p-j9) = 0. 

(ii) (a® + 6®)(6®®»+o®p®)»-o®6®(6"®*+oV). 

(iii) (6®»®+oV)(&’®* + aV)**V(a*-&*)*. 

(Iv) o*6^(a® + j/®) =* (o*+6®)(6®a*+o*p’)®.* 

8. U.(i)«Va*+»V6'-l/2. 

(U) 2(x’+»*)*-a*»* + 6’if*. («i) ®*/a*+»*/»’-a- 




282 


CO-OmiNATB OEOMETBY 


4.. 

18. ^+2x^0, ; y—2x'^0, x+9y=‘0, 

21. a9*-8a5j/+62/*+8a5+8|/-24=0 ; tan“*(f *yi0). 

22. aj—4j/—13«=0, 4 jb— 52/+26=0, Bead 9a:’^+252/*»226 /or 

9a5*+25a!® = 225. 23. (i) fc(®* —fl*)=s2a^. (ii) X(i/* —6*) —2a!y. 


24. 


2/* *!_■*■ ^* 


25. x^^*^b'±y>Ja^-a*± ^/(a*/3•-b*a*) = 0. 
80. (i) tan"H ; (ii) ; (iii) Jr. 


Examples X 


1. (i) a*+i/*+4a;j/—32aj—32^+154«=0. 

(ii) 4x* +11?/* - 24x2/ - 50® - I 6 O 2 / - 225=0. 


4. e 


_ Ja^+y 
a 


. (x-6)* (i/-2)*^., 

0 . 1 3 


, latuB rectum = 2&*/a. 

6. 92/=32x. 


2 . 


16x*-92/* = 144. 


18. (i) x+2/+6 = 0,*®-y-2 = 0. (ii) 5x+y-7*0, 2x—3^+24»0, 

(iii) a®+c=0, a2/+5=0* 14. 6®’—«2/'"!/*“23»+42/+16j=0. 

15. (2x+82/-8)(3x+2^-7)-184-0. 16. {2,1), 

17. 7(x*-2/*) + 18x2/*0. 28. (i) x*-2/*+3x-72/-17 = 0. 

(ii) 10x*-13x2/-32/*-4x+232/-22=0. 

30. Vertices (+c, +c). Foci (+c/s/2, +c«/2). 

Directrices x+y^+c /s/2. 

85. Centre (Jl, 1) ; axes ijd{x^-y^)=6xy referred to centre as origin. 
86* V“5®+5, 2/=»8 x-6; ^■■-8x+5, 

y*-3x-6. (ii) y=±x± 


42. b*x^+a*y*">a^b*. 






